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ywz©t.fXz©ezv¥(t{f
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kfvt{f#®qp
L∞(0, T )
t{af1MbvZ%a.r{f#«$fXrr¨fXvZtz©©pÃ®Rwdv¥sfX«­wdv¥¾t{z©v¥r:v®qp
W 1,∞(0, T )tadfÃnq®R©fµMr{Zf*««­wdv¥¾t{z©v¥ra°µqzvd'.§ºfF"E²sfyz©µ°t{z©µf*zv
L∞(0, T )
¯ !ftt{adfvHt{y$v
r¨tt{fr{f#®¥f@y{fFr¨RfXt{z©µf©p
U := L∞([0, T ]; R)
v¥
Y := W 1,∞([0, T ]; Rn)
¯;a¶f@Zvr¨z}sfXyt{adf
«­Z©(§z©vd6Zst{z©evHt{yPdy®fXe§zªta²*r©yrut%(t{f#vr¨t{y%z©vHtv*r©yvHty{Z
(P) min
(u,y)∈U×Y
∫ T
0
`(u(t), y(t))dt+ φ(y(T ))
» HF½
r{wd®sufF¾tt
ẏ(t) = f(u(t), y(t))
d¯ f¯
t ∈ [0, T ] ; y(0) = y0
»K½
g(y(t)) ≤ 0 ∀t ∈ [0, T ].
»¿Z½
`baf*dt.«ºt{adfdy®d©fe)y{f6t{af*sz}r¨t{yz®dwdt{fX¶Hrut
` : R × Rn → R
± ¥vDHrut
φ : Rn → R
±
dpHv¥ez©Xr
f : R × Rn → Rn
±r¨tt{f.vr¨t{y%z©vHt
g : Rn → R
±v¥ºt{z©e*f
T > 0
±v z©vdzªtz©
vdzªtzZv
y0 ∈ Rn
¯
a¶frr¨we*ftady{Zwdawstbt{af#Rfybta(ttadf«­©(§z©vd*ad}dr
  `badfeddz©vdZr
`
±
φ
±
f
v
g
yf
k
³ìt{z©efXrZvZtzvqwdZwr{p sz RfXy{fXvZtz©®d©f
(Ck)
§zªta
k ≥
2
±a°µf*sX©p !z¥r{%adzt:dvHt{z©vqwdwr#r{fXvs³ìZysfXydfyzµ((tzµZfXrX±v¥MtadfÃspqvez}r
f
z}r
!/z©r%adzªt3dZvZtzvqwdZwrX¯
  `badf#z©vdzªtz©Zvszt{z©v'r{t{z}r ¥fXr
g(y0) < 0
¯
`badf'r{f4«ky{(§3µZfX¾ty%rz}rsfvdt{fF7®qp
R
n∗
¯7`bafr{f4«kZvZtzvqwdZwr@«­wdv¾tzZvr*(µfXy
[0, T ]
z}rsfvdt{fF7®qp
C[0, T ]
¯ `badfdwr{f4«:sZv7efXZr¨wdyfXrX±sfXvdtfX7®qp
M[0, T ]
±$z}r
z}sfXvZtz ¥fXÃ§zt{aÃt{adfr¨¥fk«?«­wdv¥¾t{z©v¥rº«/®¥ZwdvsfFÃµ(yz}(t{z©v
BV (0, T )
µ°vdz}r¨adz©vd*(tOdXfy¯$`badf
tyvr{¥Hr¨zt{z©v²Z¥fXyt{yizv
R
n
z}rsfvdt{fF²®qp.rut%y
∗
¯(Ay{xF%adftsfyzµ(t{z©µfXri«
f
±
`
±¥ft¯k§#¯ yF¯ tX¯
y{ZwdefvHtr
u ∈ R
±
y ∈ Rn
±y{fsfXvdtfX¶®qp¹'r¨w®r{y{z©stF±/«­y@zvr¨tvf
fu(u, y) = Duf(u, y)
±
fuu(u, y) = D
2
uuf(u, y)
¯'`t¤sfXy{z©µ((t{z©v §#¯ yX¯ tX¯.t{Mt{z©e*f4z©r6sfvdt{fF¹®qp ²stF±«­Zyf	 de*f
d
dtg(y(t)) = gy(y(t))ẏ(t)
¯
 	*3.L/
*z}rvMf©fefXvZt
(u, y)
«
U × Y
r(tz©r¨«­pqzvd4t{adf*rut%(tf6fF|Zw¥(t{z©v7»ìZ½¾¯#if vdf6t{adf
©Zr{r{z}»¿y{fFr¨/¯4fvfy%©z>dXfX½1."+ #_/
-# .²«­wv¾tzZvr#«
(P)
±
H : R × Rn × Rn∗ → R
»­yfXr{/¯
H : R × R × Rn × Rn∗ → R
½¦®qp
H(u, y, p) := `(u, y) + pf(u, y); H(p0, u, y, p) := p0`(u, y) + pf(u, y).
Ý­Þ,ß/ÝÁà
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A,z©yr¨ty%sfykvdfXfXrr{y{pstzeztupMZvszt{z©vrk«­y
(P)
yf@ZzµZfvÂ®qpt{af 
 9*=.$=#  # #+ K+
 *#4L# 74>¯
Å  ¿É
	  6& 	*:. L/
*
(u, y)
# G. ~$vHty{pHz©v f	 qt{yfe #  *:])# 	
p0 ∈ R+

p ∈ BV ([0, T ]; Rn∗)
.
η ∈ M[0, T ]
b#
(p0, dη) 6= 0
bK L ."
ẏ(t) = Hp(p0, u(t), y(t), p(t))
¯ fZ¯
t ∈ [0, T ] ; y(0) = y0
»[H½
−dp(t) = Hy(p0, u(t), y(t), p(t))dt+ gy(y(t))dη(t) ∀t ∈ [0, T ]
»KZ½
p(T ) = p0φy(y(T ))
»KZ½
u(t) ∈ argminw∈RH(p0, w, y(t), p(t))
d¯ f¯
t ∈ [0, T ]
»9R½
g(y(t)) ≤ 0, ∀t ∈ [0, T ] ; dη ≥ 0 ;
∫ T
0
g(y(t))dη(t) = 0.
»¿H½
M¦p
dη ≥ 0
±b§¦f²e*fFv t{a¥(t ∫ T
0 ϕ(t)dη(t) ≥ 0
«­Zy4©:vdZvdvdfH(tzµZf'vHt{z©vqwdw¥r*«­wdv¾tzZv
ϕ ∈ C[0, T ]
±yfX|Hwdz©µ(©fvHt{©p t{a¥(t
η
z©r*vdZv dfXyfXZr¨z©vd¥¯7`badf²Zr¨tt{ffX|Hwt{z©vË»ì½6aZr*t{adf
«­Z©(§z©vd*r{z©vdz ¥t{z©v
p(t) =
∫ T
t
Hy(p0, u(s), y(s), p(s))ds+
∫ T
t
gy(y(s))dη(s) + φy(y(T )).
`bafvf	 qti`badfZy{fXez}rb§ºfX³9Eqvd(§v¶»¿r{ff F s± HFI/«­yvv'sz PfyfvHtz©®df#µZfy%r¨z©v¥r½¯
 ÅqÉ   Å  	  S& 	*:. L/
*
(u, y)

"_K9# 
G

(P)
# '. 
-	*=.!$"# )9*:+." 
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"*½6."*:L.z©r*Me  sz©e¦zvHt{fXy{µ(º«:¥Hr¨zt{z©µf.e*fFr{wdyf
I ⊂ [0, T ]
r{w%a't{a¥(t
g(y(t)) = 0
»­yfXr{/¯
g(y(t)) < 0
½¦«­yk©
t ∈ I
¯ Y´«
[τen, τex]
z}riÃ®¥Zwdvdy{p
y±
τen
v
τex
yf4©fXB-	* vc)#@Rz©vHtX±yfXr{RfX¾tzµZf©p¯ vHt{yp7v7f	 szªtRz©vZt%ryf
rz}Ât{²®Rf *: $"K>."*4z«ºtadfp¶yffvsRz©vHt«v¶zvHtfyzZyy%¯ /
K L¶¥ZzvHt
τ
z©v
(0, T )
z}r#v
z}r{}(t{fF@vHtZ¾tD¥ZzvHti»¿fvsRz©vHt«¥tu§ºz©vZtfyzZyDy%r%½¾¯¤vZty{pZ±f  qztv@t{Zw%a¥ZzvHt%rDyf¦X©fF
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t{z©vr$Rz©vHtr
y{fyfw©yX¯ YÚvt{adz}r¥fXyX±sZvdpÃt{adfXr{f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vzªtf©p4evqpÃyfZwd©y,uwdv¾tzZvrz}rsfXªt:§zt{a¯
`badf y%r¨t¨³´y%sfy4t{z©e*f7dfyzµ((tzµZfÂ«@t{af r¨tt{f ZvrutyzvHt'©vd 7tyufXt{yp
(u, y)
±zK¯ f¯©±
g(1)(u, y) = ddtg(y(t)) = gy(y)f(u, y)
±Dz©r*sfXvdtfX7®qp
g(1)(y)
z«:t{afÃ«­wdvt{z©v
R × Rn → R
T
(u, y) 7→ gy(y)f(u, y)
sqfXrbvdtdfRfv.v
u
»Át{a¥(tz©rX±qt{afk«­wv¾tzZv
(u, y) 7→ g
(1)
u (u, y)
z}rbz©sfXvs³
tz©X©p dXfyH½¾¯Ua¹f.e°p sf vdfr¨z©ez}yp
g(2), . . . , g(q)
z«
g, f
yf
Cq
v z«
g
(j)
u ≡ 0
±$«­Zy6©
j = 1, . . . , q − 1
±dv§¦fa¥°µf
g(j)(u, y) = g
(j−1)
y (y)f(u, y)
±d«­y
j = 1, . . . , q
¯
!ft
q ≥ 1
®Rf#t{adf6r¨e©©fXr¨t:vHwe@®Rfy:«,tzefFrisfXy{z©µ((t{z©v¥r«,t{adf6rut%(t{f6v¥rutyzvHtX±dr{t{a¥(tk
dfRfvsfXvf§#¯ yX¯ tX¯
u
¥fFy%r¯ Y´«
q
z}r vdzt{fZ±s§ºfr{°p*ta(t
q
z}r¤tadf 
*:)*@«/tadf#rut%(t{fZvr¨t{y%z©vZt
»Kr¨fXf#f¯ ¯(F I­½¾¯b r¨tt{fZvr¨t{y%z©vZt«,ZysfXy
q
z©r:rz}.t{®Rf *: $=K>.*©vd*tadf#t{y%(ufF¾typ
(u, y)
±
z«,t{adfvszt{z©v®Rf©(§\adZ©dr
∃ γ > 0, |g(q)u (û, y(t))| > γ,
«­Zy:©
t ∈ [0, T ]
v
û ∈ R.
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ßß Öeå¾ç¾çf
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git{f:t{att{adfkr¨ft¤«?fXvdfy%©zPdfX6e@wªtzd©z©fy%r
(p0, p, η)
z}rvdfZ¯8a adfXv
p0 = 0
±Z§ºf:r°pta(t
tadf#e@wªtzd©z©fy:z}rr¨z©vdZwd©y!Tst{adfXy{§z}r{fkzt:z©rir{z©.y{fXwd}yF¯$iz©µqz©sz©vdtadfv
(p, η)
®qp
p0
±d§¦f®st%z©v
tadf6|Hwz fF'µfy%r{zZv²«D~$vHt{ypZz©v/· r:dy{z©vzd©f±Pr{wd®r¨t{zt{wstzvd4t{4t{adf6fvfy%©z>dXfX Wie*z©t{vz©v
tadf4©Zr{r{z©XZWkez©ªtvdz}v/¯ Y´t@z}rfFr{z©p¹r{ffXv t{at*'~$vHty{pHz©v¶f	 qt{yfe¦r{t{z}ru«­pqz©vd7»¿H½#v¥
»K'H°½@a¥r*vd r¨z©vdw©y6e6wdªtzz©fyF±ºv ta(tt{afe6wdt{z©dz©fy
(p, η)
zv^t{af'|Hwz fF7µfXyr{z©v7«
~$ZvZty{pHZzv/· rºdy{z©vzd©fÃ»
p0 = 1
½¤z}rwdvz©|HwdfZ¯
M¦fz©vd«$®RwvsfX'µ(y{z}(tzZv/±
p
aZr:(t:eHrutkwdvHt%®d©p4evqpsz©rZvHt{z©vHwzªtup4t{z©e*fFriv'ar
fXµfXy{pq§adfXy{fZv
[0, T ]
f«Átv²yz©aHtk©zeztrX±/sfvt{fFM®qp
p(t±) = limt′→t± p(t
′)
¯`badfkuwde¹(t
τ ∈ (0, T )
z©rsfXvdtfX®qp
[p(τ)] = p(τ+) − p(τ−)
¯¤nszez©©yiZv©wr{zZvr¦ad}Ã«­Zy
η
¯
.X   ¿É  !/ft
(u, y)
®RfÃ~$vHt{ypZz©vMf	 qt{yfe,§zt{a Zr¨t(tf
p
v¹e@wdt{z©d©zfXy
η
±,r{t¨³
z}r¨«­pHz©vd7kf«u¯s¯PH »­§zt{a
p0 = 1
½¯ a¶fMr{°pt{at
(u, y)
z©r4 *: $"K>."*6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  	  `baf Wkezt{Zvdz}v²z}rkr¨t{yvdZp'Zvqµf	 §#¯ yF¯ tX¯kt{adf*vHty{Zµ(yz©®d©f±wvdzª«­Zy{e©p'§#¯ yF¯ tF¯
t ∈
[0, T ]

∃ α > 0, Huu(û, y(t), p(t
±)) ≥ α
«­y:©
t ∈ [0, T ]
v
û ∈ R.
»HXZ½
 	 `bafd(t%6«tadf#dy®d©feAy{f
C2q
±dzì¯ fZ¯
k ≥ 2q
zv »¿kZ½¾±dt{adfr¨tt{f#ZvrutyzvHtz}rb«Zydfy
q
v.y{fXwd}yF±qzK¯ f¯:»KZ½¦adZ©drX¯
   `baf't{y%(ufXt{Zy{p
(u, yu)
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T =: Ten ∪ Tex ∪ Tto
±d§zt{a
Ten
±
Tex
v
Tto
tadfQ#  
#-@»¿v¥Hr{r{z©®dp4festupd½br¨w®r¨ftr
«yfXr{RfX¾tzµZf©py{fXwd}yºfvsty{pZ±qf	 szªtv¥t{Zw%a4Rz©vHtrX±sv4§ºfr¨wd¥Hr¨fkt{a¥(t
g(y(T )) < 0
¯
Wipq¥t{adfFr¨z}r»¿[H½kzed©z©fXrt{a¥(t©DfvHt{ypMv¥Âf  qzt#¥ZzvHt%ry{f*yfw©y¤uwdv¥¾t{z©v Rz©vHtrX¯ YÚv¹t{adf
r{fX|HwdfXK±¤§ºfsfvdt{f®qp
Ib
t{adfwdvdz©v^«i®Rwdv¥dyp7y%rX±DzK¯ f¯
Ib := ∪
Nb
i=1[τ
i
en, τ
i
ex]
«­Zy
Ten :=
{τ1en < · · · < τ
Nb
en }
v
Tex := {τ
1
ex < · · · < τ
Nb
ex }
¯
.Å 7¡s  	  BYÚv²Ptadf#RfyF±/»¿kZ½bXv®¥f#§¦fX=EfvfX?±syfd}zv»KZ½¦®qp	
∃ γ, ε > 0, |g(q)u (û, y(t))| > γ,
«­y:©
t, dist(t, Ib ∪ Tto) < ε
v
û ∈ R.
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	 zµZfvM vdzt{f*r¨w®r¨ft
S
«
(0, T )
±d§¦f@sfvt{f@®Hp
PCkS [0, T ]
tadf6r{fti«$«­wdv¾tzZvr
(µZfy
[0, T ]
ta(t#yf@«º}rr
Ck
Zwstr{z©df
S
»
PC
r¨tv¥drk«­ydzfFfX§z©r{f*vHt{z©vqwdw¥r½±RvMa°µZf±
Zrb§ºfX/Zr¦t{adfXzy ¥yr¨t
k
dfyzµ((tzµZfXrX±d*f«Átiv.y{z©aHt©zezti(µfy
S ∪ {0, T}
¯
!ft
ϕ
®¥f.y{fF³ìµ(wdfF«­wdvt{z©v¶(µfy
[0, T ]
¯#irr¨we*z©vd§#¯ ì¯ ¯ ¯t{af*fXfXefvHtr«
S
z©vÂz©vs³
y{fFr{zviy%sfXyX±(§¦fbe°pdf	vdf
ϕ(S) := (ϕ(τ))τ∈S ∈ RCardS .
a¹f:ZsstDr¨z©ez}yvqµfXvHt{z©v
«­ZyµfF¾t{Zyr
νS := (ντ )τ∈S ∈ RCardS
±v.§z©©r{*wr¨ftadf«­©©(§zvd*vdt(tzZvr
ν1:qS :=



ν1S¯¯¯
νqS



∈ Rq CardS ; g(0:q−1)(y(S)) :=



g(y(S))¯¯¯
g(q−1)(y(S))



∈ Rq CardS .
Ý­Þ,ß/ÝÁà
 	

 
!
"	#%$'&( $)
"*#+,
*-/./102
"	*3.#4658749#+."802
" 9*:
;*:
=<>+1:R
  	

		 !#"%$&')(+*,-		.0/
hivsfXyZr{r{wdestzZv»¿[H½k§ºf6a°µf* ¥vdzªtfvHwe@®Rfy«ºyXrkvM§¦f*XvÂr{ad(§#±P§zt{a¶y{fXwd}yzªtup
Zr{r{wdestzZvr'»¿kZ½´³¾»¿kZ½¾±¤t{att{adf'e@wªtzd©z©fy
η
z}rsz PfyfvHtz©®dfvt{adf'z©vHt{fyz©y«ifF%a y%
FPHXd± HR!I´¯D:v'vpsr{z©rº«t{adfdt{z©eztupÃr{pqr¨t{fXe3vzvHtfyzZyrº«yXrºr{ad(§:rºt{afv.t{at6yfw©y
~$ZvZty{pHZzvf	 qty{fXeRr(tz©rfFrDt{afvszt{z©v¥rºr¨tt{fXÃzv.~y{Z¥Hr¨zt{z©vs¯PH:®¥fX(§#¯Div.v¥©pqr{z}r¤(t
uwv¾tzZvrbt{z©efXrb©fXZdr(«Átfy§¦ydrºtuwdv¾tzZvrZvszt{z©vrbZzµZfvzv'~yRZr{zt{z©v²s¯Òq¯
1   É   É    ¿É 	   32 
(u, y)
<3 . *39$=K>."*(
-	*=.!$"#])9*:+." b.9#  #%$,4&357684 &9:6 <;
Z.:=
u ∈ PCqT [0, T ]

y ∈ PCqT ([0, T ]; R
n)
."4U *3J)#  
p ∈ PC1T ([0, T ]; R
n∗)

η0 ∈
PC0T [0, T ]
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ẏ(t) = Hp(u(t), y(t), p(t)) = f(u(t), y(t))
v
[0, T ] \ T ; y(0) = y0
»HF½
−ṗ(t) = Hy(u(t), y(t), p(t)) + gy(y(t))η0(t)
v
[0, T ] \ T
» HFZ½
p(T ) = φy(y(T ))
» H![H½
0 = Hu(u(t), y(t), p(t))
Zv
[0, T ] \ T
»HFZ½
g(y(t)) = 0
Zv
Ib ; η0(t) = 0
v
[0, T ] \ Ib
»HXZ½
g(y(t)) < 0
Zv
[0, T ] \ (Ib ∪ Tto) ; η0(t) ≥ 0
Zv
int Ib
»HR½
g(y(τ)) = 0 ∀τ ∈ Tto
»HXZ½
[p(τ)] = −ντgy(y(τ)) ; ντ ≥ 0 ∀τ ∈ T .
» HFZ½
a¶f.sfXvdtf4®qp
int Ib
t{af4z©vZtfyzZy«
Ib
¯¹t{Zw%a ¥ZzvHt
τ ∈ Tto
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ντ > 0
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¯ a¶fsfvt{f®qp
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(u, y)
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û ∈ R.
     --0	.' *,.0-	./
:f}(t{z©v¥r²»K½´³¾»¿Z½swdf't{ F Iiy{f'vdfFfFr{ryp±º®dwstÃvdt4r¨wsÀÃzfXvZt4vdzªtzZvr*«­y~$vHty{pHz©v
f  qt{yfe}r¯7`baz©r§br6wdvsfXy{©z©vdfX^zvBFPHXI§adfXy{f'r¨ZefZdszt{z©v¦vfXfFr{ryp Zvszt{z©vr*§¦fyf
Ý­Þ,ß/ÝÁà
 	

 
!
"	#%$'&( $)
"*#+,
*-/./102
"	*3.#4658749#+."802
" 9*:
;*:
=<>+1u
y{(µqz}sfX?±bta(t'©(§¦fX t^r{ad(§ t{at' t{y%(ufXt{Zy{p8»­§zt{a\7«­wdy{t{a\y%sfyrut%(t{f¶ZvrutyzvHt¾½
§brvdt4~$vHty{pHz©vMf  Hty{fXeì¯1a¶fr¨tt{fz©v¹~y¯d¯ 4t{adf%ayZ¾tfyz>dF(t{z©v²«º~$vHty{pHz©v
f  qt{yfe}r¦®r{fX.vt{aft{fyvt{z©µfk«­ye@wd}(tzZv/¯ a¹f#vdfXfXr¨Zefy{fXz©ezvy{p4fXe*eZr¯
 ºÅ  7¡ 	   028
(u, y)
. 	*:. L/
* Z.
(pq , ηq) ∈ PC1T ([0, T ],R
n∗)×PC0T [0, T ]
."	#  #%$
4 &35
q
684 &9:6 . 4 5)5 684 5  6  4 576  4 5 6  ; 
(u, y, pq, ηq)
<3>
" $"J/
G  
PCqT [0, T ] ×
PCqT ([0, T ]; R
n) × PCqT ([0, T ],R
n∗) × PCqT [0, T ]

 *:
!
 i`baz©r#z}r²vr{fX|HwdfXvf«¦t{af YÚe*z}zt Adwv¾tzZv7`badfZy{fXemdz©fX¶©qX©pMt{7»KZ½Zv
z©vHt{fXy{z©yy%rX±sv.t'»ìZ½ºv »K R(½¦v®¥Zwdvdy{p.y%rX¯
 ºÅ  7¡ 	 	 @ XL
9*:.#-6*39$=K>."*# 4 &  6^
"> .>
" $ . 	*:. L/
*
(u, y)
 .,# 
u ∈
PCqT [0, T ]
   
"* .
t ∈ [0, T ]
=3L/
*
(gy(y(t)), · · · , g
(q−1)
y (y(t)))
."*: #4.*  #=/7 
)-4 .  L3 
q ≤ n
6 
 *:
!
 knszvf
u ∈ PCqT [0, T ]
±t{adfkeddz©vdZr
(Al)0≤l≤q−1 : [0, T ]\T 7→ Rn
df	vdfFz©vswt{z©µf©p
®qp	
{
A0(t) := fu(u(t), y(t))
Al(t) := fy(u(t), y(t))Al−1(t) − Ȧl−1(t) l = 1, . . . , q − 1,
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t{at@»¿H½¦y#» H)HF½ºad}drX±s«­y
û
z©vt{adf
r{fZefvHt
[u(t−), u(t+)]
»­z©vr¨t{fXZ4«
R
½±s«­y:
t ∈ [0, T ]
¯
.Å 7¡s  		Xa¶fiv©r{%adfFE#t{at¤z«
(u, y)
z©r#r{adqtzv#f	 qt{yfe¥r{t{z}ru«­pqz©vdÃ»¿
q
½´³¾»¿[q½¾±
tadfv
u
z}rZvZtzvqwdZwr(tbtw%a'Rz©vZt%r
τ ∈ Tto
±szª«
q ≥ 2
¯bYÚv¥sffF?±/»KZ½±»K½bv¶»¿H½¦©fX.t
0 = Hu(u
+, y, p+q ) −Hu(u
−, y, p−q )
= Hu(u
+, y, p−q ) −Hu(u
−, y, p−q ) − ντgy(y)fu(y, u
+).
nszvf
gyfu = g
(1)
u ≡ 0
v
Hu(·, y, p−q )
z©rbZvdf³ìt{³ìZvdf®Hp¹»¿k
q
½±d§ºfZ®stzv
u+ = u−
¯
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HX
Y´tº«­©(§:r$ta(t¦zª«
(u, y)
z©rºr¨aHt{z©vdf  Hty{fXer(tz©r¨«­pqzvd.»¿k
q
½Ú³%»K[q½¾±Zt{adfXv
u
z}r¤vHt{z©vqwdwr
Zv
[0, T ]
±sr¨t{z©rr¨wdez©vd*t{at
Tto = ∅
z«
q = 1
»Kr¨fXfyfey:E.s¯ ½¾¯
`badf\9*K L	K*:*«¶t{y%(ufXt{Zy{p7z}rÃsf vdfF rtadf» ¥vdzªtfF½  K+ <3*@«#®¥Zwdvdy{p y%rv¥
tw%a4¥ZzvHtr¦«?t{adfkt{y%(ufF¾t{Zy{pZ±Zvtadf
"*:=*z©v4§adz}%aÃtadfpswdy¦§#¯ yF¯ tF¯$t{z©ef¯Dirr¨we*z©vd6t{adf
r¨t{ywt{wdyf:«?tadfiZst{z©e¥t{y%(ufF¾t{Zy{p@t{6®¥f(EHv(§v/±tadfkr{adqtzveddz©vd6z©r¦sf	¥vdfXÃZrD«­Z©(§:r¯
kfvt{f®qp
Nb
v
Nto
t{adfvqwde@®Rfy*«k®¥Zwdvdy{p y%r*v¥ t{Zw%aRz©vHtr*«tadft{y%(ufXt{Zy{pZ±
yfXr{RfX¾tzµZf©p¯D`badf#r{f«$r{adqtzv6yeft{fXyr¦z}r 
Θ := Rn × RqNb × RNto × RNb × RNb × RNto .
a zt{at{adf®R(µfÃvtt{z©vrX±v¥ «­y*Mz©µfXv y%sfy6«:®Rwdv¥dyp y%r@v tw%a7Rz©vHtrX±$t{adf
r{adqtzv@edzvd
F
z©rbsf vdfF4(µZfyº6vdfXzZaH®Ryadqsz©v
Θ
«$r¨aHt{z©vd@¥y%eftfy%r¤rr{qz©t{fF
§zt{a²*yfw©y¦~$ZvZty{pHZzvÃf  qt{yfeì±szvHt
Θ
±®Hp	
θ =










p∗0
ν1:qTen
νTto
Ten
Tex
Tto










7→










pq(T )
∗ − φy(y(T ))∗
g(0:q−1)(y(Ten))
g(y(Tto))
g(q)(u(T −en), y(Ten))
g(q)(u(T +ex), y(Tex))
g(1)(y(Tto))










.
» [ZZ½
M¦p Zvr¨t{yw¾tzZv/±D dfXy{M«t{adf'r{adqt{z©vdMeddz©vd
F
dy(µHz}sfFr²tyufX¾typ
(u, y)
t{at6z}r6
r{adqtzv*f  qt{yfeì¯ YÚv.µqz©f§ «~¤y{Z¥Hr¨zt{z©vr:d¯ vd¯ [±st{adf«­Z©(§z©vd6a}dr 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ez©vdz©eZdszt{z©v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K4).* .*:L 4A95 6 .  
"K L3
7 
#-  O."4
"* . -	*(7 
#-
τen ∈ Ten
."46)# 7
"# 
τex ∈ Tex

zª«
q ≥ 2
z©rbfXµfXv
ν1τen − (−1)
q−1η(q−1)q (τ
+
en) ≥ 0 ; (−1)
q−1η(q−1)q (τ
−
ex) ≥ 0;
»KZ½
{ z«
q ≥ 3
z}rsd?±
j = 1, . . . , q − 1
±dv.zª«
q ≥ 4
z©r:fµfXv/±
j = 2, . . . , q − 1

νjτen − (−1)
q−jη
(q−j)
q (τ+en) = 0 ; (−1)
q−jη
(q−j)
q (τ−ex) = 0.
»ìHF½
.Å 7¡s  	 UY´t,«­©©(§:r?t{a¥(t$«­y y%rut$v6r¨fFv¥q³ìZydfyr¨tt{fbv¥rutyzvHtrX±(v#«­y$v¥rutyzvHtr
«¤y%sfXy
q > 2
a°µqzvd.vd®¥Zwdvdy{p²y%r*»¿r{ff6y{fXey3E [¯ÒÃZvfXy{vzvd4f	 sz©r¨t{fXvf*«º®¥Zwdvdy{p
yXr,«­y¦rut%(t{f:vr¨t{y%z©vHtrD«?y%sfy
q ≥ 3
½¾±Zt{adfiZdszt{z©vZvszt{z©vry{fFswf:t{#tadf'#4K ._#9# 
»K½±»¿Z½¾±»[HZ½¾±v}r¨'»KZ½¦§adfXv
q = 2
(t:fXvHt{yp (f	 szt¦Rz©vHtrX¯
.Å 7¡s  	 UAdZy, y%rut{³ìZysfXyr¨t(tfºvr¨t{y%z©vHtX±uwde@yeft{fXyr
νTto
rr¨sz}(tfX§zt{a@t{w¥%a
Rz©vHtrbyfifF|Hw¥t{ dfXy{*©vd*@~$vHty{pHz©vf	 qty{fXe¥®qp~y¯Dd¯ s¯¤nq@§¦fke°pz©vdZy{f:t{w¥%a
Rz©vHtrz©vt{adf6r¨adqt{z©vd©yzt{ade'±dv¥4«­Zybt{adz}r:yfXZr¨Zv/±q§ºfZr{r{wdefzv'tadz}rRfybta(t
Tto = ∅z«
q = 1
¯
ßß Öeå¾ç¾çf
H![  (
-4." &	1*+." 
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a¶f6r°p.t{atktadf*r{adqtzv4©Zy{zt{ade z}rZ_P7 
(±/z«t{af6¼HZ®dz}v²«Dtadfr¨adqt{z©vdÃedzvd
» [Z½z}rz©vqµfXy¨tz®d©fb(t,r{ef¦sXqr¨ZwstzZv@«
(P)
¯$`badz}r©(§:rt{dd©p#©qX©p#kg:f§btv6e*ft{ads
z©v y%sfXyt{ v¥ Mr¨aHt{z©vd²f	 qty{fXe	T,tadf4szªtzZv¦Zvszt{z©vr«­Zy@²~$vHty{pHz©v¶f	 qt{yfe
a¥°µfkt{®Rf%adfXEZfX4«Át{fXy{§by%drX¯
!ftwr y%r¨tZzµZf*r{efsf vdzt{z©vrX¯ 	 z©µfXv
u ∈ U
±dfvdt{f®qp
yu
tadf²»­wdvz©|Hwdf°½r¨ZwstzZv¹«
r¨tt{ffX|Hwt{z©v »KZ½¾¯Ã`badz}r§ºfX³Úsf	vfX¹eddz©vd'z©r«¦©Zr{r
Ck
wdv¥sfyZr{r{wdest{z©v »¿kZ½¯ !/ft
tadfHrutb«­wdv¥¾t{z©v'®Rf 
J(u) =
∫ T
0
`(u(t), yu(t))dt + φ(yu(T )).
»ì½
a¶fºr°p:ta(t$bt{y%(ufF¾typ
(u, y = yu)
z©rsXZst{z©eqr¨Zwdt{z©v#«
(P)
±r{t{z}ru«­pqz©vdtadf K .="*:.9# L
$=*:
 bUL3
"4"#	# 
"±z«,t{adfXy{ff	 sz}rut%r
c, r > 0
r{w%a4ta(t 
J(ũ) ≥ J(u) + c ‖ũ− u‖22 ∀ ũ ∈ B∞(u, r); g(yũ(t)) ≤ 0
Zv
[0, T ],
»ìZ½
§afyf
B∞
sfvt{fFrt{afÃRfv ®ºzv
L∞(0, T )
§zªta fvHt{fXy
u
v¶yZszw¥r
r
¯`badz}rvszt{z©v
z©vqµZµZfXr¤tu§ºvdZy{erX±
L∞(0, T )
«­ybtadf#vdfz©aq®Ryadqs?±sv
L2(0, T )
«­ybtadf#y(§bt{av¥szªtzZv/¯
!ft
(u, y)
®Rf.My{fXwd}y#~$vHty{pHz©v¶f	 qt{yfeì¯ a¹f4e=Eftadf4r¨t{yz©t6ZedfXefvHty{ztup¹Zru³
r{wdestzZv »KZe*¥yfit'»KH½¾±» [H½bv¹»ìH½¨½
        Ady:?®Rwvdyp4y
[τen, τex]

(−1)q
dq
dtq
ηq(t) > 0
d¯ f¯$v
(τen, τex),
»ì[H½
Y´«
q
z}r'
!)	 dq
dtq
ηq(τ
+
en) < 0 ;
dq
dtq
ηq(τ
−
ex) < 0,
»KZ½
Y´«
q
z}r17= 
ν1τen +
dq−1
dtq−1
ηq(τ
+
en) > 0 ;
dq−1
dtq−1
ηq(τ
−
ex) < 0.
»KZ½
    AdZy:©Pt{w¥%aRz©vHt
τto ∈ Tto

ντto > 0.
»ì)R½
fFt{at
(−1)q d
q
dtq ηq(t)
fF|Zw¥}r
η0
±dtadf@sfXvr¨ztup«
η
»Kr¨fXf~y/¯s¯ ½¯ !ft
q̂ := 2q − 1
z«
q
z}r 
`=Mv
q̂ := 2q − 2
z«
q
z}r  =¯(Mºp~y/¯kd¯ q±
q̂ + 1
z©rit{adf6r¨e©©fXr¨ti¥Hr{r{z©®df@y%sfy«­Zy
§az©%a²tadfyyfXr{¥Zvsz©vdÃsfyz©µ°t{z©µf6«
g(y)
e°p'®¥f*vdv dfyÃ(t##uZv¾tzZvMRz©vZtF¯gitf@ta(t
q̂ = q
«­y
q = 1, 2
¯
 ºÅ  7¡     28
(u, y)
<(.*: $"K>."*Z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 
4	 86 ."4 4    6  
> *:97L	#A=  8 
q
#  
`= ."4J7= ;#    
>
 b# $ 
G ." $ -	# ."_# 
L
"4#9# 
 .
*:)*
q̂ + 1

P  
* ."  9*	#+ 
τen ∈ Ten
.Q." =#O	#+ 
τex ∈ Tex

(−1)q̂+1
dq̂+1
dtq̂+1
g(y(t))|t=τ−en < 0 ;
dq̂+1
dtq̂+1
g(y(t))|t=τ+ex < 0.
»ìZ½
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 M¦p¹~y{Z/¯²s¯ ¶»Kr¨fXfÂ»¿%R(½¨½±»KZ½z©r@fX|Hwdz©µ(©fvHtX±§adfv
q
z}r#fµZfv/±t{Mr°pMta(t
ντ > 0
(t
fXvHt{yp (f	 szt¥ZzvHtr
τ ∈ Ten ∪ Tex
¯Â`baf.Zv©wr{zZv z©rt{adfXvMZvr{fX|Hwdfv¥fÃ«b~¤y{Z/¯¹s¯ ²v¥
!fee¯Ò*§adZr{f*»­t{fF%advdz}Á½¦dyq«z}rbz©µfXv.z©vt{adfidRfvsz  ?¯
kr{r{wdest{z©v »¿½»­z©z}½z©edz©fXrX±z«
q = 1
±Pt{at
Tto = ∅
®qp²~y/¯s¯Òs»¿zzÁ½¾¯a adfXv
q ≥ 2
±?§ºf
Zr{r{wdeft{at:©?t{Zw%a.Rz©vHtrb«
(u, y)
yf*:K L# <P±dz©vt{adf«­Z©(§z©vdr¨fXvr¨f 
    AdZy:©?t{Zw%a.Rz©vHt
τto ∈ Tto

d2
dt2
g(y(t))|t=τto < 0.
»ìZ½
`baz©re=EfXrr{fv¥r¨fZ±dr¨z©vf#§afv
q ≥ 2
±d§ºfa°µZf d2
dt2 g(y(t)) = g
(2)(u, y)
v
u
z}r:ZvZtzvqwdZwrb®qp
~¤y{Z/¯s¯Òq¯
     
 &
  .! &   
 / 	/
kf	¥vdft{adf|HwZsy%(t{z}Zr¨tb«­wdvt{z©v
Jq(v, z) :=
∫ T
0
H̃(u,y),(u,y)(u, y, pq, ηq)((v, z), (v, z))dt
+ z(T )∗φyy(y(T ))z(T ) +
∑
τ∈Ten
q
∑
j=1
νjτz(τ)
∗g(j−1)yy (y(τ))z(τ)
+
∑
τ∈Tto
ντ
(
z(τ)∗gyy(y(τ))z(τ) −
(g
(1)
y (y(τ))z(τ))2
d
dtg
(1)(y(t))|t=τ
)
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±v4t{afr¨ft:«Dv¥rutyzvHtr
ż = fy(u, y)z + fu(u, y)v
Zv
[0, T ] ; z(0) = 0
»KH°½
g(j)y (y(τ))z(τ) = 0
«­y
j = 0, . . . , q − 1 ; τ ∈ Ten
»KZ½
g
(q)
(u,y)(u(t), y(t))(v(t), z(t)) = 0 t ∈ Ib
»KZ½
gy(y(τ))z(τ) = 0 τ ∈ Tto.
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V := L2(0, T )v
Z := H1(0, T ; Rn)
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H1(0, T )
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L2(0, T )
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§¦fX=EÃsfyz©µ°t{z©µfFrbzv
L2(0, T )
¯ !/ftt{adf!zvfXykwZsy%(t{z}~y®d©fe
(PQq)
®Rfsf vdfX®qp	
(PQq) min
(v,z)∈V×Z
1
2
Jq(v, z)
r¨wd®dufX¾tt²»¿ HF½´³¾»¿=[Z½
.
»KZ½
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(v, z) = 0
z}r:r{©wst{z©v«
(PQq)
¯ »KZ½
(v, z) = 0
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®Rwvdyp4yk«$y%sfy
q ≥ 3
z©vyfey:E [¥¯ s¯
ºZe@®dz©vdz©vd*`ba¯d¯PH»­z©z}½¦v.¯ s±s§ºf®st%z©vÃta(tz«
(u, y)
z©r6sXPstzePr{©wstzZv4«
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z 
(u, y)
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y(§bt{av¥szªtzZv/¯
    ,D! .! 
   $  D
 .-  -
 " $&'	:(&*,.0-./ 

.
  D 

a¶fwr¨f4t{adfvd³ìH7r{fXZv ZysfXy6Zst{z©e©zªtup vszt{z©v¥r@fFrut%®d©z©r{adfF zvcF "Iì¯ !ft
(u, y)
®Rf
yfZwd}yi~$ZvZty{pHZzvMf  qt{yfeì±P§zªtaÂtadf6e6wdt{z©dz©fy
η ∈ M[0, T ]
z©µfv¹®qp7»K½¾¯ºvr{z©dfyt{adf
|HwZsy%(t{z}Zr¨tb«­wdvt{z©v
J (v, z) :=
∫ T
0
H(u,y),(u,y)(u, y, p)((v, z), (v, z))dt+ z(T )
∗φyy(y(T ))z(T )
+
∫ T
0
(z∗gyy(y)z) dη −
∑
τ∈Tto
ντ
(g
(1)
y (y(τ))z(τ))2
d
dtg
(1)(y(t))|t=τ
»KZ½
§afyf
H
z}rbt{adf©Zr{r{z} Wkezt{Zvdz}v »[H½±v¥ÃtadfZvrutyzvHt
gy(y(t))z(t) = 0
Zv
Ib ∪ Tto.
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Zvszt{z©vMz©vXF I
z}r¦t{af«­©(§z©vd 
(PQ) min
(v,z)∈V×Z
1
2
J (v, z)
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dj
dtj
gy(y(t))z(t) = g
(j)
y (u, y)z, j = 1, . . . , q − 1,
» R%H°½
dq
dtq
gy(y(t))z(t) = g
(q)
y (u, y)z + g
(q)
u (u, y)v.
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(v, z) ∈ V × Z
r(tz©r¨«­p »¿ HX½:vMr{ft
∆PQ := J (v, z) − Jq(v, z)
¯khir{z©vd¹»ì½±Pzªtz©r
fFr{z©p6r{ffXvt{att{af:t{fXy{erº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Zf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∆PQ =
∫ T
0
(p− pq)D
2f(u, y)((v, z), (v, z))dt+
∫ T
0
gyy(y)(z, z)η0(t)dt
−
∫ T
0
D2g(q)(u, y)((v, z), (v, z))ηq(t)dt+
∑
τ∈Tex
ντgyy(y)(z, z)(τ)
+
∑
τ∈Ten

ντgyy(y)(z, z)(τ) −
q
∑
j=1
νjτg
(j−1)
yy (y)(z, z)(τ)

 .
YÚv tadf¹r{fX|HwdfXi§¦fÂ®®dy{fXµqz©t{f't{afMvdt%(tzZv
((v, z), (v, z))
®qp
((v, z))2
¯ f}(tzZvrÂ»KZ½Ú³%»KZ½
®Rftu§¦ffXv
p
v
pq
fF4t{
∆PQ =
q
∑
j=1
∫ T
0
g(j−1)y (y)D
2f(u, y)((v, z))2ηj(t)dt+
∫ T
0
gyy(y)(z, z)η0(t)dt
−
∫ T
0
D2g(q)(u, y)((v, z))2ηq(t)dt+
∑
τ∈Tex
ντgyy(y)(z, z)(τ)
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+
∑
τ∈Ten

ντgyy(y)(z, z)(τ) −
q
∑
j=1
νjτg
(j−1)
yy (y)(z, z)(τ)

 .
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`baf*vr¨t{y%z©vHtk®Rfz©vd'«¤ZysfXy
q
±§ºf*a°µf
g(j)(u, y) = g
(j−1)
y f(u, y)
«­Zy
j = 0, . . . , q − 1
¯1Y´t
«­Z©(§:rºt{at
D2g(j)(u, y)((v, z))2 = g
(j−1)
yyy (f(u, y), z, z) + 2g
(j−1)
yy (z,Df(u, y)(v, z))
+ g
(j−1)
y D2f(u, y)((v, z))2.
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j = 1, . . . , q

d
dt
g(j−1)yy (y(t))(z(t), z(t))=g
(j−1)
yyy (y)(f(u, y), z, z) + 2g
(j−1)
yy (y)(z,Df(u, y)(v, z)),
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j = 1, . . . , q

d
dt
g(j−1)yy (y(t))(z(t), z(t)) = D
2g(j)(u, y)((v, z))2 − g(j−1)y (y)D
2f(u, y)((v, z))2.
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g
(j−1)
u (u, y) ≡ 0
«­y
j = 1, . . . , q
±P§¦f@a°µZf
g
(j−1)
yy (y)(z, z) = D2g(j−1)(u, y)((v, z))2
«­y
j = 1, . . . , q
¯Âj²wdt{z©d©pqzvd » R½®Hp
ηj
±Dz©vHt{fZyt{z©vd²(µfXy
[0, T ]
v z©vHt{fZyt{z©vd²®qp y{trt{adf
©f«Át{³ìa¥v'r{z©sf»¿y{fF©Pt{a¥(t
η̇j = −ηj−1
½±d§¦f#®st%z©v/±q«­y
j = 1, . . . , q

∫ T
0
D2g(j−1)(u, y)((v, z))2ηj−1(t)dt+
∑
τ∈τex
g(j−1)yy (y)(z, z)ηj(τ
−)
−
∑
τ∈τen
g(j−1)yy (y)(z, z)ηj(τ
+) =
∫ T
0
D2g(j)(u, y)((v, z))2ηj(t) −
∫ T
0
g(j−1)y D
2f(u, y)((v, z))2ηj(t)dt.
szv t{adf®¥(µZf fX|Hw©zt{z©fXr'«­Zy
j = 1, . . . , q
±§¦f ftÂ(«Át{fXyÂr{zed©z R(tzZv8®Hp\t{adf7t{fyer
∫ T
0
D2g(j)(u, y)((v, z))2ηj
«­Zy
j = 1, . . . , q − 1
ta(t 
∫ T
0
gyy(y)(z, z)η0(t)dt+
q
∑
j=1
∑
τ∈τex
g(j−1)yy (y)(z, z)ηj(τ
−)
−
q
∑
j=1
∑
τ∈τen
g(j−1)yy (y)(z, z)ηj(τ
+) =
∫ T
0
D2g(q)(u, y)((v, z))2ηq(t) −
q
∑
j=1
∫ T
0
g(j−1)y D
2f(u, y)((v, z))2ηj(t)dt.
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"" *:
=<>+1HX
nswd®r¨t{zt{wstzvdz©vHt{²»9RZ½¦ZzµZfXr
∆PQ =
∑
τ∈τex

ντgyy(y)(z, z)(τ) −
q
∑
j=1
g(j−1)yy (y)(z, z)ηj(τ
−)


+
∑
τ∈τen

ντgyy(y)(z, z)(τ) +
q
∑
j=1
(
ηj(τ
+) − νjτ
)
g(j−1)yy (y)(z, z)(τ)

 .
hkr¨z©vd
»K R½Ãv szªtzZvZvszt{z©vrÃt4fvHty{p v f  qztÃRz©vZt%rÂ» [Z½Ú³%» [ HF½±§ºf²Z®stzv ta(t
∆PQ = 0
¯`baqwrX±¥t{adfHrutk«­wdv¾tzZvrk«Dt{af@tu§¦4|Hwdyt{z}#dy®d©ferz©vz©sf6v²tadf«­fFr{z®f
r{ftF¯
 *:
!
1
  ; 3
"*:+    i`badf6r¨tt{f@vr¨t{y%z©vHt:®¥fXzvÃ«Dy%sfXy
q
±¥zti«­Z©(§:rb«­ye »9RHF½´³¾»9R½bta(t
»KZ½Ú³%»K"[Z½:v¶»¿ZZ½byffX|Hwdz©µ(©fvHtX¯2M¦p!feed¯ s±dy®fXer
(PQq)
v »9R(Z½ba°µfkt{af@r{ef
«­fFr{z®fr¨ft:vHrut¦«­wdvt{z©vv.t{at¦«­fFr{z®f#r{ftX±dvÃafvf±qt{afp4©r{6a¥°µfkt{adf#refkµ(wdf
vr{e*f#r{ft:«dt{z©er{©wst{z©vrX¯D`badf#Zv©wr{zZv4«­Z©(§:rºt{adfXv.«­ye `badfZy{fXed¯ s¯
  ,D! ! 
  
    $3/ 
 -
 / /  
 
      
a¶fz©µf.¶r{fX|Hwdfv¥f4«i©feer!T¦r{ef4«:t{afe §z©©r{Â®Rf.w¥r¨fF7z©v^r{fX¾tzZvX[¥¯]a¹f'sfvt{f
®qp
g
(j)
y (y(Ten))z(Ten)
±
g
(q)
(u,y)(u(Tex), y(Tex))(v(T
+
ex), z(Tex))
±¤t{adf'µfF¾ty%r@z©v
R
Nb
«Ze*R³
vfvHtr
g
(j)
y (y(τ))z(τ)
±
g
(q)
(u,y)(u(τ), y(τ))(v(τ
+), z(τ))
y{fFr¨RfXt{z©µfXpZ±s«­y
τ ∈ Ten
¯ a¹f@dfvdt{f®qp
g
(0:q−1)
y (y(Ten))z(Ten)
t{af6µZfX¾tyzv
R
qNb
«ºZe*RvfvHt
g
(j)
y (y(Ten))z(Ten)
±
0 ≤ j ≤ q − 1
±
τ ∈ Ten
¯
 ºÅ  7¡    <2 
θ0 = (p
∗
0, ν
1:q
Ten
, νTto , Ten, Tex, Tto) ∈ Θ
<6K L3X.
F(θ0) = 0
b# 
: 
!
"	#%$ +.7=74#%$
F
= V 3 # 4A9
 6  ;
F
# S
 (L>.3
C1

" . #$<
*: 
!
`
Θ0

 
θ0
 ."4
."Z #*:L	# 
"
ω := (π∗0 , γ
1:q
Ten
, γTto , σTen , σTex , σTto) ∈ Θ,
» R(Z½
 =3L/
*
M := DF(θ0)ω
97_# N#- 

M = (M∗Q,M
∗
T )
∗
$"#A= <  
MQ :=



π(T )∗ − φyy(y(T ))z(T )
g
(0:q−1)
y (y(Ten))z(Ten)
gy(y(Tto))z(Tto)



» R=R½
MT :=







g
(q)
(u,y)(u(Ten), y(Ten))(v(T
−
en), z(Ten)) + σTen
d
dt
g(q)(u, y)|t=T −en
g
(q)
(u,y)(u(Tex), y(Tex))(v(T
+
ex), z(Tex)) + σTex
d
dt
g(q)(u, y)|t=T +ex
g(1)y (y(Tto))z(Tto) + σTto
d
dt
g(1)(y)|t=Tto







,
» R(Z½
ßß Öeå¾ç¾çf
  (
-4." &	1*+." 
8 *3
(v, z, π, ζ)
' _#.*# `]L3
" 9*:
 N/./  L3
 ."  ."4  ."  L
"	*3.# N+ K_9# 74_# *  .*3

"_K	# 
"1
  4 
"+ #9	#%$6."*	$=K+ 	
(u, y, pq, ηq)
.
t
6
ż = fyz + fuv
v
[0, T ] ; z(0) = 0
»9R(H½
−π̇ = H̃yyz + H̃yuv + πfy + ζg
(q)
y
Zv
[0, T ] \ T
»¿ZZ½
0 = H̃uyz + H̃uuv + πfu + ζg
(q)
u
d¯ f¯$v
[0, T ]
»¿ HF½
0 = g(q)y z + g
(q)
u v
¯ fZ¯Dv
Ib
»KZ½
0 = ζ
v
[0, T ] \ Ib
»KZ½
b# #-#	# ." ."4 KL9# 
 1L3
"4"#	# 
"1
 
π
$=#A= < 
π(0) = π0
O.4
[π(τ)] = −
q
∑
j=1
νjτz(τ)
∗g(j−1)yy (y(τ)) −
q
∑
j=1
γjτg
(j−1)
y (y(τ))
− στ
q−1
∑
j=1
νjτg
(j)
y (y(τ)) ; τ ∈ Ten
»K"[H½
[π(τ)] = 0 ; τ ∈ Tex
»KZ½
[π(τ)] = −ντz(τ)
∗gyy(y(τ)) − γτgy(y(τ)) − στντg
(1)
y (y(τ)) ; τ ∈ Tto.
»KZ½
 *:
!
 a¶f.dftzbZvdp¶ad(§3§¦f4Z®stzv tadf@uwe*¥r*vdzªtzZvr«t{adfz©vdfFyz>dXfX Hrut%(tf
π
(t
fXvHt{yp6tzefFr±Ht{afkt{adfXyrºfX|Hwt{z©vr¤®¥fXzvd*®qµqz©wrX¯8YÚv4µHz©f§\«¤»¿Z½¾±sztbz©rºfXZr¨p*t{*%adfXE*ta(t¦t{adf
uwe*'«
π
(t
τ ∈ Ten
z}rbz©µfXv.®qp	
[π(τ)] = −
q
∑
j=1
νjτz(τ)
∗gyy(y(τ)) −
q
∑
j=1
γjτgy(y(τ)) − στ∆τ ,
§afyfktadf#µfF¾tyb«$r¨fXvr¨zt{z©µqzªtupqfÀÃzfXvZt%r
∆τ
Zv@uwv¾tzZv.tzefz}rbz©µfXv.®qp	
∆τ = −
q
∑
j=1
νjτg
(j−1)
yy (y(τ))f(u(τ
−), y(τ)) − [H̃y(u(τ), y(τ), pq(τ), ηq(τ))].
M¦p²ZvHt{z©vHwzªtup«
u
(t¦uwdvt{z©vrit{z©efXrv»¿Z½¾±P§ºf6a°µf.»­ezt¨tzvd'ywe*fXvHt
τ
v¥Mr¨ft¨tzvd
η+q = ηq(τ
+))

∆τ = −
q
∑
j=1
νjτg
(j−1)
yy (y)f(u, y) −
q
∑
j=1
νjτg
(j−1)
y (y)fy(u, y) + η
+
q g
(q)
y (u, y).
nszvf
g
(j)
y (u, y) = g
(j−1)
yy (y)f(u, y) + g
(j−1)
y (y)fy(u, y)
«­Zy
j = 1, . . . , q
±v¥ ®qp¶~¤y{Z/¯ s¯ [d±
ηq(τ
+) = νqτ
±s§ºf#Z®stzv »¿=[Z½¾¯
Ý­Þ,ß/ÝÁà
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=<>+1¨H
a¶f¤yfXX©(t{at,:vHt{z©vqwdw¥r/|Hwsy%(tz©,«­Zy{e8sf vdfX(µZfyW:z©®Rfy{tr{fz©r0289$ 4*3
*+
»Kr¨fXf#f¯ ¯F>H°q± ["IÁ½±¥z«Dzªtiz}r§¦fX=EH©p4©(§¦fy:r{fezª³ÚZvHt{z©vHwwrX±dv²r(tz©rfFrbt{adf«­©(§z©vddyRfy{tup
«­Zy©¦§¦fX=Eqp ZvqµfyfXvHt*r{fX|Hwdfv¥f
(vn) ⊂ L
2(0, T )
±
vn ⇀ v
±¤§¦f.a°µZf
Q(vn) → Q(v)
z 
vn → v
r¨t{yvdZpZ¯
 ºÅ  7¡  2 
(u, y)
<N.  
!
"	#%$ )9*:+." 8."	#  # $#4 &>5
q
684&9 6    
"*.
v ∈ V
b) V 4
zv
.   4 K-# K 	6 
"_K9# 
B#
Z

  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/./ K .9# 
&4  76 Q."4X G
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"*
A : V →W := L2(Ib) × RqNb × RNto
< 
Av =



g
(q)
y (u(·), y(·))zv(·) + g
(q)
u (u(·), y(·))v(·)|Ib
g
(0:q−1)
y (y(Ten))zv(Ten)
gy(y(Tto))zv(Tto)



.
»K R½
;   »­zÁ½ ; UL
-	#-K 
K%6#4.* 
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A
#  
" /
  »­z©z}½6&K+J."1JL
4"
*:)*
K L#   L
4"#	# 
" 4   61
">  ; 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	
α > 0
bK LJ .
Q(v) := Jq(v, zv) ≥ α‖v‖
2
2, ∀v ∈ KerA.
»KZ½
M¦p
ϕ|Ib
±d§¦f#sfvt{ftadf#y{fFruty{z}¾tzZv4t
Ib
««­wdvt{z©v
ϕ
sf vdfF.(µZfy
[0, T ]
¯
 *:
!
 i`baf:vHtzvqwdztup@«
A
«­Z©(§:r,«­y{Ze¬ta(tº«
V → Z
±
v 7→ zv
¯ M¦p»K½Dv¥ !/fee#d¯Òq±Zt{adf
y%vf«?tadfeddz©vd
V → Z
±
v 7→ gy(y(·))zv(·)
±qz}rtadfr{wd®r{ZfisfXvdtfX®qp
Hq0
«?«­wdvt{z©vr
ϕ ∈ Hq(0, T ) = W q,2(0, T )
r{t{z}ru«­pqz©vd
ϕ(j)(0) = 0
«­y:
j = 0, . . . , q − 1
¯¤~$z©vHtr»¿z}½¦«­Z©(§:rX±
r{z©vf:®qp'»¿[H½¾±H«­Zyº©
(ψ(·), b1:qTen , bTto) ∈W
±Ht{afyf:f	 sz}rut%r
ϕ ∈ Hq0
r¨w¥%at{at
ϕ(q)(t) = ψ(t)
¯ fZ¯
Zv
Ib
±
ϕ(j−1)(Ten) = b
j
Ten
±
j = 1, . . . , q
±v
ϕ(Tto) = bTto
¯
M¦pM»¿
q
½¾±s§¦fXv.r{ad(§ ta(t
Q(v)
z©rb !ffXvsyf:«­Zy{e3(µZfy
L2(0, T )
»­t{adfdyq«z}rbr¨z©ez}y
t!fee [¯ Ãz©v\F I­½¾¯SM¦p »K R½¾±P§ºf6a°µf
Q(v) > 0
«­Zy
v ∈ KerA
±P§adz}%aÂz©e*z©fXr*»KH½®qp
!fee¯ d¯
1   É   É    ¿É    028
(u, y)
<N.1:
`
9# $ )	*:+ .4."4 )
/N< 
θ0 ∈ Θ
# 2
  
!
"	#%$
7 .*3.+ /* ;&K+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L

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K^L#  bL3
"4"#	# 
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
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 9#+ 
d
dt
g(q)(u, y)|t=τ− 6= 0 ∀τ ∈ Ten ;
d
dt
g(q)(u, y)|t=τ+ 6= 0 ∀τ ∈ Tex
»KZ½
d
dt
g(1)(y)|t=τto 6= 0 ∀τ ∈ Tto.
»KZ½
; ^   %.)L
=<# .
DF(θ0)
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δ ∈ Θ

δ =
(aT , b
1:q
Ten
, bTto , cTen , cTex , cTto)
#4 K # K 6J
_K9# 

ω ∈ Θ

 
DF(θ0)ω = δ
 b#
ω
$=#A=
<  4   86  #  .
P
     J#^  4
" ."	# 
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  28+ +.     =4
"  < 
(uδ , wδ)
b#
wδ =
(ζδ , λ
1:q
δ,Ten
, λδ,Tto)
 SK # K (
_K9# 
 #
L2(0, T )×W
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 V *9
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 
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(Pδ) min
v∈V
1
2
Jq(v, zv) + a
∗
T zv(T ) +
∑
τ∈Tto
cτντ
g
(1)
y (y(τ))zv(τ)
d
dtg
(1)(y)|t=τ
,
r¨wd®dufX¾tt
Av = (0L2(Ib), b
1:q
Ten
, bTto)
∗.
»KHF½
ßß Öeå¾ç¾çf
Z  (
-4." &	1*+." 
;  
π0 = πδ(0)
 8*:
πδ
#  
"_K9# 
J
"
[0, T ]\T

 >4  76 b#
(vδ , ζδ , zvδ)
 V 4." .4 K+7-
L
"4#9# 
 1
 
πδ
<#%$ $=#A= <  
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∑
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, τ ∈ Ten,
»KZ½
γ1τ = λ
1
δ,τ , γ
j
τ = λ
j
δ,τ − ν
j−1
τ στ , j = 2, . . . , q, τ ∈ Ten.
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¯NY´t«­©(§:rk®qp »Kk
q
½kv^»¿Z½:t{a¥(t
(vδ , ζδ) ∈
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fZ±
vδ
ar¦©zeztrb§adfXv
t→ τ−
v
t→ τ+
±q«­Zy
τ
z©v.yfXr{¥fF¾tzµZf©p
Ten
v¥
Tex
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q ≥ 1
±/t{a¥(t@fXv®d©fXrt²f	 sdyfXrrt{afÃr¨ZwstzZv
ω
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DF(θ0)ω = δ
zv¶«­wdv¥¾t{z©v «bt{adfZst{z©e
r{©wstzZvv7e@wdt{z©d©zfXyr*«tadf'|Zw¥sy%(tz©4dy{Z®d©fe
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q = 1
±¥t{adf@t{fXy{e!z©v²«¿t{yk«Dµ(yz©t{z©v²«$fXvHt{yp4tzef
στ
z©v»K"[H½
z}r'dXfy±$r¨'ta(t !/feeM¯>HÃz}rvt{azvdÂ®dwsttadf4®d©sE¹sfFZwdd©zvdÂdy{Z¥fXy¨tup¹«bt{af.¼HZ®dz}v
yfXZsp#fXr¨t®d©z©r{adfX*z©v F>H°`Iì¯ YÚv*t{adf:Xr{f
q ≥ 2
±ZwdyyfXr{wdªtsz Pfy%r$«­y{Zet{afvdfz©v F>HFI´±Zr{zvfbt{adf
tu§¦6wst{ay%rºw¥r¨f6|HwZsy%(t{z}kdy{Z®d©fe3sfRfv¥szv*ZvÃtadfµ°y{z}(tzZv4«/t{adffXvZty{pRz©vHtX±s©fXZszv
tv'dszt{z©v¥/rr{wdest{z©v »¿@¯>H)HF½¾¯
 *:
!
 ikr{r{wdeft{a¥(t@»­zÁ½´³¾»­z©zÁ½bad}v©f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δ ∈ Θ
¯ !ft
ω ∈ Θ
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r¨ZwstzZv.«
DF(θ0)ω = δ
¯ZM¦p
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Rz©vHtrX±Rr{ta(t§ºfZ®stzv^»¿Z½¾¯i`badfXv/±P®qp !fee4d¯ [ÃHz©v/±Pr¨wd®¥rutzªtwst{z©vd
στ
z©vZt¹»K½:z©µfXr
»KZ½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λδ,Tto = γTto
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γTto
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λjδ,Ten
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±Prr{qz©t{fF.§zt{aÂfvHt{yp.Rz©vHtr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r = 0
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ta(ttadf y%r¨t¨³´y%sfybdt{z©eztup.r{psrutfe «
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¼H®dz}v.«t{adfr{adqtzvdedzv*z}rZvZt±dv4afvf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q = 1, 2
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(u, y)
aZrv®Rwvdypy%±(zì¯ f¯
Ten = Tex = ∅
¯ a zªta¹»¿kZ½¤vtadfkr{fXvs³ìZysfXy¤r{wsÀÃz©fvHt¦vszt{z©vM»K R½¾±Ht{afiz©vHµZfy{t{z©®dz©ztup6«
tadf¼H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q ≥ 3
v
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¯
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fXvHt{yp (f	 szt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z}r#fFr{z©pÂr{ffv ®qp !fee²d¯ [.ta(t§¦fÃv ¥v r¨Zef
vv]dfXy{
ω̃ ∈ Θ
r{w%a t{at
DF(θ0)ω̃ = 0
¯ YÚvsfXfX?±,t%"Ef4f¯ ¯
σ̃τ 6= 0
«­y
τ ∈ Tex
±Dv 
t{adfXy:Ze*RvfvHtr«
ω̃
fX|Hw?t{ dXfy¯bY´t:«­Z©(§:r¦t{att{adf6¼ZZ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z}rr{zvdZwd}yF¯
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f
(u, y)
z}r6v stzebr{©wst{z©v «
(P)
±,®Hp¶`ba/¯'d¯PH*t{adf4r{fXvs³ìZysfXyvdfXfXrr{y{pÂvdzªtzZv »K½#z©rr(tz©rfF?±afvft{adfÃµ(wdf«
y{Z®dfXe
(PQq)
z}rOdXfy@v¥
(v, z) = 0
z©r¦r¨Zwdt{z©v/¯nqz©vfit{adfr{fXZvq³´y%sfy¦r¨wdÀzfXvHt¦Zvszt{z©v
»K R(½¦sqfFr¤vdt¦a}?±qt{adfXy{ff	 sz}rut%rºvdtadfy¦dt{z©e?r¨ZwstzZv
(ṽ0, z̃0) 6= 0
«
(PQq)
±sv4adfvf
vv dfXy{r¨Zwdt{z©v'«$zªt%r y%rut{³ìZydfybstzeztup4Zvszt{z©vr@»¿HF½´³¾»¿"[H½¾±» R(½Ú³%»K½±§zt{a vv¥
uwe*ÃvdzªtzZvr«¥tadfirr{qz©t{fF*Zr¨tt{f
π̃0
z©µfv®qp'»¿Z½´³¾»¿Z½$§zªta
aT = 0
±qv¥6e6wdt{z©dz©fy%r
(λ̃1:qTen , λ̃Tto)
Zr{r{sz}(tfXÃyfXr{RfX¾tzµZf©pÃ§zt{a »¿H½bv¶»¿=[H½¯
nqft¨tzvd
π̃0 := π̃0(0)
±b§¦fM}z©e ta(t
(π̃0, λ̃
1:q
Ten
, λ̃Tto) 6= 0
¯,YÚvsfXfX?±:r{wddRZr{ft{at.©:«
tadfe §¦fyf1dXfy¯ ©zez©v(tzv
u
®qp7»¿ HX½rÃ©zvdfFy«­wdvt{z©v¹«
(z, π)
±/vÂzvHtfy%(tzv«­y{Ze
(z(0), π(0)) = 0
(µZfybtadfy%r¨tky%t{afz©vdfFykdz PfyfvHt{z}fX|Hwt{z©vr»/R(Z½Ú³%»K½±¥§¦f§¦wd}'a°µZf
(z, π, v, ζ) = 0
±PwdvHt{z©tadf yr¨t¤uwv¾tzZvMt{z©ef¯:©,t{adfkuwdeÂyeft{fXyr
λ̃jTen
v
λ̃Tto
®¥fXzvd
fF|HwqtNdfy±f©zez©v(tzvd#Zv®¥Zwdvdy{p@yXr
ζ
®qp.»¿Z½¾±H§¦f¦§¦w©*a°µZf
(z̃0, π̃0, ṽ0, ζ̃0) = 0
(µfy
[0, T ]
±q§adz}%a'fFdr¦t*vHt{y%dz©t{z©v/¯
!ftÃvd(§
γ̃Tto = λ̃Tto
v¥
(σ̃T , γ̃
1:q
Ten
)
®¥fMr{©wstzZv «»K½Ú³%»K½*§zt{a
cT = 0
¯ a¶f²a°µf
ω̃ := (π̃0, γ̃
1:q
Ten
, γ̃Tto , σ̃Ten , σ̃Tex , σ̃Tto) 6= 0
±RvM®Hp !/fXee4d¯ [d±
DF(θ0)ω̃ = 0
¯:`badfXy{f«­yf±dtadf
¼H®dz}v.«t{adfr{adqtzvdedzv*z}r:r{zvwd}yF±q§adz©%a'%azfXµfXrºtadf#dyH«u¯
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ed©f³
efXvZt%yzªtup¶aqpq¥t{adfFr¨z}r«­Zy@tw%a¥ZzvHtrX¯ !/ft
M0
®Rf'v7Z¥fXvr¨w®r¨ft*«iUMbv¥%a7r{f
M
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»­t{adf4¥fXy¨twdy{®¥(t{z©v7r{ZfF½¯²ºZvr{z©sfXyX±«­y
µ ∈ M0
±tadfÃ«¿ez©p¹«¦Rfy{t{wy{®RfX Zst{z©e¤vHt{y
y{Z®dfXer 
(Pµ) min
(u,y)∈U×Y
∫ T
0
˜̀(u(t), y(t), µ)dt + φ̃(y(T ), µ)
r¨wd®dufX¾tt
ẏ = f̃(u(t), y(t), µ),
¯ fZ¯
t ∈ [0, T ] ; y(0) = ỹ0(µ),
g̃(y(t), µ) ≤ 0,
§afyf ˜̀ : R × Rn ×M0 → R ± φ̃ : Rn ×M0 → R ± f̃ : R × Rn ×M0 → Rn ± g̃ : Rn ×M0 → R ±v
ỹ0 : M0 → Rn
y{f
C2
eddz©vdZrX¯8a¶fsfvdt{f
yµ0 := ỹ0(µ)
±
`µ(u, y) := ˜̀(u, y, µ)
±qft¯©±sv
z}sfXvZtzª«­p
(`µ, φµ, fµ, gµ, yµ0 )
§zt{a'dy®d©fe
(Pµ)
¯
a¶f4r°p²t{at
(Pµ)
z}r
q
  .)<PJ) # 
" «
(P)
±,z«#»¿z}½t{adfXy{ff  qz}r¨t
µ0 ∈ M0
r¨w¥%a¹ta(t
(Pµ0) = (P)
±»­zì¯ fZ¯
`µ0 ≡ `
±dft¯ ½±»­z©z}½bt{adf#edzvZr ˜̀, φ̃, f̃ , g̃ yf C2q ±d§adfXy{f q z©rbtadf#y%sfXy¦«tadf#rut%(tfvr¨t{y%z©vHtº«dy®d©fe
(P)
±/»¿zz©z}½ºtadf#rut%(tfvr¨t{y%z©vHtr¦yfk«ZysfXy
q
«­y
µ ∈M0
±
»¿zµd½ºtadf#eddz©vdHr
fµ
yf !/z©r{%azªt3dvHt{z©vqwdw¥rb(µfy
R × Rn
±wdvdz«­ye*©pÃ(µZfy
µ ∈ M0
¯
Ay$fXZ%a
µ ∈M0
±dy®d©fe
(Pµ)
r(tz©rfXrb»KiZ½Tt%"Eqzvkz«vdfFfXrrypr{e©fy,vdfXzZaH®Ryadqs
«
µ0
±§¦fe°p¹Zr{r{wdeft{at4»¿1HF½adZ©rr#§¦f©ì¯ 	 z©µfv
(µ, u, v) ∈ M0 × U × V
±,dfvdt{f®qp
(yµu , z
µ
u,v)
tadfrut%(tfvz©vdfFyz>dXfXrut%(t{fZ±dr¨Zwdt{z©v« 
ẏµu = f
µ(u, yµu) ; y
µ
u(0) = y
µ
0 ,
» HFH½
żµu,v = f
µ
y (u, y
µ
u)z
µ
u,v + f
µ
u (u, y
µ
u)v ; z
µ
u,v(0) = 0,
» HX HF½
v.ft
Jµ(u) :=
∫ T
0 `
µ(u(t), yµu(t))dt+ φ
µ(yµu(T ))
¯
YÚv¹t{adfr{fX|HwdfXK±?tadf®yyf«­fXykt.~$ZvZty{pHZzvMf  qt{yfe
(ū, ȳ)
v¹rr¨sz}(tfX²e6wdt{z©dz©fy%r«
(P) ≡ (Pµ0)
±§adz©f²tadfÂr{wdRfy%r{y{z©st
µ
y{f«­fy%rt{ tadZr{f²«
(Pµ)
¯ca¶fMe"EZf²zv
Zdszt{z©v t{
»KkZ½´³¾»¿[q½ºt{adf«­Z©(§z©vd*Zr{r{wdestzZvr 
  	     Y´«
q = 2
±D»ì½iad}dr!TPzª«
q > 2
±RtadftyufX¾typ
(ū, ȳ)
arivd4®Rwdv¥dyp²y%"TRzª«
q ≤ 2
±
t{adfXvt{adf«­Z©(§zvr¨t{yfvaHt{fXvdzv6«b»ì[Z½Ú³%»ì½¦adZ©r 
∃β > 0 (−1)q
dq
dtq
η̄q(t) ≥ β
«­Zy:©
t ∈ Ib;
» HFZZ½
    Y´«
q = 1
±
(u, y)
aZrvd »­vdZv¹fFr{r{fvHt{z}Á½:t{w¥%a¹Rz©vHtr!Tz«
q > 1
±O."Rt{w¥%aÂRz©vZt%r«
(ū, ȳ)
yf *:"K L# <>±zì¯ fZ¯:»¿iH½¦ad}drX¯
kf	vft{adfr{ft:«z©vyfXZr¨z©vd6t{z©e*fFrz©v
(0, T )
«,Xy%szv¥
N
r
ITN := {τ ∈ R
N ; 0 < τ1 < · · · < τN < T}.
» HFH½
nsft
τ0 := 0
v
τN+1 := T
¯ 	 z©µfXv
S ⊂ ITN
±¦§ºf'a°µZf¶vt{wdy%bz}r¨Zeydadz}r¨e¸®Rftu§¦ffXv
PCkS [0, T ]
v
Ck([0, 1]; RN+1)
±sf vdfX®qp	
{
ϕ̂i(s) = ϕ(τi + (τi+1 − τi)s),
«­y:
s ∈ (0, 1),
ϕ̂i(0) = ϕ(τ
+
i ), ϕ̂i(1) = ϕ(τ
−
i+1)
i = 0, . . . , N.
» HF"[q½
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a¶f*e°ptadfyf«­Zy{f6z©sfXvHt{z«­p²t{adfr{ft
PCkN [0, T ] := ∪{PC
k
S [0, T ];S ∈ ITN}
«º$RZrr¨z©®d©f
N
³
zfFf§z}r{f
k
tzefXr@vHtzvqwdZwr¨©pÂsz PfyfvHt{z}®d©f*«­wdvt{z©vrX±§zt{a
Ck([0, 1]; RN+1) × ITN
¯4`badf
yy{fFr¨Rv¥szv vdtzZv
«@vqµfXy{Zfvf'«­©(§:r7r{fX|HwdfXvf
ϕn ∈ PCkSn [0, T ]
ZvHµZfyfFrt{
ϕ ∈ PCkS [0, T ]
zª«
Sn → S
zv
R
N
v¥
ϕ̂n → ϕ̂
zv
Ck([0, 1]; RN+1)
¯¶nqz©ez}y©p±D²edzvd
df	vdfF7(µZfy6vZ¥fXvr¨w®r¨ft
W
«k M¦v%a^r¨ZfZ±
W → PCkN
±
w 7→ ϕw ∈ PCkSw
z}r6«
©Zr{r
Ck
±Pzª«$t{af@edzvd
W → Ck([0, 1],RN+1) × RN
±
w 7→ (ϕ̂w,Sw)
z}r
Ck
¯a¶f6dfvdt{f®qp
PCk,rN [0, T ] = PC
k
N [0, T ] ∩ C
r[0, T ]
t{adfr{wd®r{fti«
PCkN [0, T ]
«,«­wdv¾tzZvr:a¥°µHz©vdZvHt{z©vHwwr
dfyzµ((tzµZfXrZv
[0, T ]
wdvHt{z©ZysfXy
r ≥ 0
¯i`badf6vdf	 qtk©feeÃz}r:fXfXefvHty{p'v'w¥r¨fFM(tkt{adf6fv
«tadz©rir¨fF¾t{z©v¯
 ºÅ  7¡     2 
W
<J. 
7\K <
 . (..=L 97 .=L S.4
W → PC1,0N

w 7→ ϕw ∈
PC1,0Sw
.
C1
+ .37=7# $  ;X + .37)74#%$
w 7→ ϕw
# 
C1
#
Lr(0, T )
8
"*Q.
1 ≤ r < ∞

 U
"*: 7*:L#   
*
w ∈ W
 >
Sw := {τw1 < . . . < τ
w
N}
."41)
/(< 
(ξ̂w, σw)
=*#A=."	#A=
#
C1([0, 1]; RN+1) × ITN

 + .37)74#%$
w 7→ (ϕ̂w, τwi )
."b7 
#-
w
 ;\Q)*#A=.9#A=
ξ̃w
#
Lr(0, T )
# $=#A=]<  
ξ̃w(t) = ξ̂wi
(
t− τwi
τwi+1 − τ
w
i
)
− ϕ̇w(t)
(
σwi +
t− τwi
τwi+1 − τ
w
i
(σwi+1 − σ
w
i )
) v
(τwi , τ
w
i+1).
M¦p²~y/¯@d¯ d±/4yfZwd}yi~$ZvZty{pHZzv²f  Hty{fXe$vÂzªt%re@wdt{z©d©zfXyr®Rf©vd4t{t{adf*dyssw¾t
r{Zf
XS := PC
q,0
S [0, T ] × PC
q,1
S ([0, T ]; R
n) × PC1S([0, T ],R
n∗) × PC1S [0, T ],
» HFZZ½
§zt{a.adfyf
S = T
±Ht{adf vdzt{f#r{ft¦«ztruwdvt{z©vrºtzefXrbZr{r{wdefXt6®Rf«Xy%szv¥
N
¯Dns6©ftbwr
df	vdftadf#wdvdz©v
XN
«$©r{w%ar{ZfXrX±dr¦§¦f©rr{eftadfy:r{ft%rbvdffFsfX}(t{t{fy 
XN := ∪{XS ; S ∈ ITN},
X qS := PC
q
S [0, T ]× PC
q,0
S ([0, T ],R
n) × PCqS([0, T ],R
n∗) × PCqS [0, T ];
X 1S := PC
q
S [0, T ]× PC
q,0
S ([0, T ],R
n) × PC1S([0, T ],R
n∗) × PC1S [0, T ],
X qN := ∪{X
q
S , S ∈ ITN} ; X
1
N := ∪{X
1
S , S ∈ ITN}.
kfvt{f v¥©pÃ®qp
T nesto := Tto \ T
ess
to
t{afr{wd®r{ft«,ydzv
N0
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«tadft{y%(ufF¾t{Zy{p
(ū, ȳ)
¯
`badf*ez©vMyfXr{wdªt«Dtadz©rr{fX¾tzZvMz}r:tadf6vf	 qt`badfXyfe'±¥t{atkz©µfFrir¨t®dz©ztupyfXr{wdtri«­ykt{adf
Zst{z©evHty{Zidy®d©fe
(P)
±:§zªtadwdtrr{wdezvd^ruty{z}¾t.ed©fefvHt%yzªtup (t.t{w¥%a ¥ZzvHtrX¯
`bafyf«­yf#§¦f@vdvdtdd©p'szyfXt{©p4tadf'YÚed©z©zªtjMdzv4`badfZy{fXe Zr:ztiz}rksZvdfz©v]F>H°q± HXI
Zybzv²r{fX¾tzZv¯
a¶f*r°pt{at4y{fXwd}yk~$vHt{ypZz©vf  qt{yfe
(uµ, yµ)
«
(Pµ)
a°µf:uwdv¾tzZvr¥ZzvHt%rvs³
µZfyz©vd t{7t{adHr¨fM«#t{adfÂt{y%(ufF¾t{Zy{p
(ū, ȳ)
±:z«fX%a fXvHt{yp±f	 sztv t{Zw%a
Rz©vZt«
(uµ, yµ)vqµfXy{ZfXrºy{fFr¨RfXt{z©µfXptÃvfvHt{yp±sf  qztiv¥Ãtw%a¥ZzvHt:«
(ū, ȳ)
±d§afv
µ→ µ0
¯
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(ū, ȳ)
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(Pµ)
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µ0
K L 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*Q.
µ ∈ Vµ
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
*
(Pµ)
.".:=K4L	# 
"
7 
#- 'L
 =*	$=# $ /

 
 N9*:. 3L/
*
(ū, ȳ)
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µ 7→ (uµ, yµ, pµ, ηµ) ∈ XN
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c, r > 0
K L 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Jµ(u) ≥ Jµ(uµ) + c‖u− uµ‖22, ∀u ∈ B∞(ū, r), g
µ(yµu) ≤ 0 on [0, T ].
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J (v, z) > 0,

*1.
(v, z) ∈ V × Z \ {0}
.9#  # $,4   86 .
gy(ȳ(t))z(t) = 0

"*1.
t ∈ Ib ∪ T
ess
to .
» HF R½
.Å 7¡s      git{f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J (v, z) > 0,

"* .
(v, z) ∈ V × Z \ {0}
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4	  6 .
gy(ȳ(τ))z(τ) ≤ 0

*1.
τ ∈ Tto \ T
ess
to .
a¶f#vdffFÃtadf«­©©(§zvd*vdt(tzZvrX¯ Ay
µ
©Zr{fkt
µ0
±d©ft
F(·, µ)
®¥ftadfr{adqt{z©vd*eddz©vd
» [Z½:«­ydy®d©fe
(Pµ)
±?§zªtaMtadfQ."+ 9*K L9K*:bta(t«Dtadf6t{y%(ufXt{Zy{p
(ū, ȳ)
±?zK¯ f¯tadf*ref
vqwde6®¥fXy«k®Rwvdyp7y%r*v¥7tw%a ¥ZzvHt%r*vt{adf²ref.Zydfy«:tadfz©yswdy{fXvf§#¯ yX¯ tX¯
tzefZ¯Â`baqwrvdZv7fXrr{fvHt{z}Dtw%a Rz©vHtr*yfdyfXr{fvHt@z©v t{adfr¨aHt{z©vd²edzvd¥±Dv e°p¶®¥f
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N̄ := n + (q + 2)Nb + 2Nto
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dzefv¥r¨z©v¶«ºt{adfÃr{adqtzvdedzvd¥±§zt{a
Nb = CardTen = CardTex
v
Nto = CardTto
¯
nsdzt
F
zvHt{*tu§¦6e¥ZvdfvHt%r±sr{w%aÃta(t
F(·, µ) = (Φ(·, µ)∗,Ψ(·, µ)∗)∗
v
Ψ
yy{fFr¨RvrDt{
tadfZe*RvfvHt
gµ(y(T nesto )) ∈ R
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µ
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©Zr{f6t{
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θ = (πµ∗0 , ν
µ,1:q
Ten
, νµT essto
, νµT nesto
, T µen, T
µ
ex, T
µ,ess
to , T
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to ) ∈ Θ
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Φ(θ, µ) = 0 ; Ψ(θ, µ) ∈ RN0− ∩ (ν
µ
T nesto
)⊥ ; νµT nesto ∈ R
N0
+ .
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`badf¹¥ZzvHt
θ0
±ir¨Zwdt{z©v «Ã» HF½«­y
µ = µ0
±:z}r4rz}B9*:
" $= ]*: $"KP.*M»¿:®dz©vr{v F I­½¾±
z«t{adfXy{f'f	 sz}rut%rÃ¶vdfz©aq®Ryadqs
Vθ × Vδ
zv
R
N̄ × RN̄
«
(θ0, 0)
±br{w%ata(t«­Zy4©
δ ∈ Vδ
±
δ = (δ1, δ2) ∈ RN̄
−N0 × RN0
±st{afyff  sz©r¨trwdvz©|Hwdf#r{©wst{z©v
θ
zv
Vθ
« 
DθΦ(θ0, µ0)(θ − θ0) − δ1 = 0
DθΨ(θ0, µ0)(θ − θ0) − δ2 ∈ R
N0
− ∩ ν
⊥
T nesto
; νT nesto ∈ R
N0
+ ,
» H)HXH½
v*t{afiedzvd
Ξ : δ → θ(δ)
z}r !zr%adzt:divHt{z©vqwdw¥r(µfXy
Vδ
¯ Y´«
θ0
z}rºr¨t{yv©p@yfw©yX±(tadfv
®qpJF I´±tadfyfif  qz}r¨tr¤vdfz©aq®Ryadqq
V ′θ ×Vµ
«
(θ0, µ0)
±qr¨w%ata(tº«­yºfX%a
µ ∈ Vµ
±?» HF½ar
z©v
V ′θ
wdvz©|Hwdf#r{©wst{z©v
θµ
v4t{adfXy{f#f  sz©r¨tr
κ > 0
r{w%at{a¥(t«­y:
µ, µ′ ∈ Vµ
±
|θµ − θµ
′
| ≤ κ‖µ− µ′‖,
» H)H=H°½
Ý­Þ,ß/ÝÁà
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v.zv²szªtzZv/±qt{af«­©(§z©vdf	 svr¨z©v.«
θµ
a}dr 
θµ = θ0 + Ξ(−DµF(θ0, µ0)(µ− µ0)) + o(‖µ− µ0‖).
» H)HFZ½
    C :( '	(/  /  ,D! !    
`baf y%rutkr¨t{fXMz©v't{adf6dy{q«$«:»­z©z}½
⇒
»¿z}½:zvM`ba/¯[¯PH#z©r:t{4r{ad(§ t{at6» HF R(½:zed©z©fXrit{adf@r¨t{yv
yfZwd}yzªtupdyRfy{tup¯`baf¦f  sz©r¨t{fXvf¦«Pi©s©©p#wdvdz}|Zwfbr{adqtzvkf  Hty{fXe
(uµ, yµ)
«­ZyDdy®d©fe
(Pµ)
±/§zt{a .r{ft#«/uwdvt{z©vrRz©vHtr#Zvqµfyz©vdt4ta(t#«
(ū, ȳ)
±?«­Z©(§:r¯`bafr{fXv¹rutf
z}r6t{ %adfXE¶tadfZdszt{z©vv¥szªtzZvr6«ºZyX¯d¯>H±¤zed©pqzvd¹t{a¥(t
(uµ, yµ)
z}rÂ~$vHty{pHz©v
f  qt{yfeì¯ a¶fÃfv¹tadfÃdyq«b®Hp¶%adfXEqz©vdt{at
uµ
r(t{z}rfXrtadf4|Hwdyt{z}6Zy{(§bta¶vdzªtzZv
»HXZ½¾¯
 ºÅ  7¡   	 8=*' .3K+749# 
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9*:
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"*
µ = µ0

 *:
!
 i`bafy{q«z©rr{efX§a(tr¨z©ez}yt¶t{adf²Zvdf.«~¤y{Z¥Hr¨zt{z©v d¯PH¯ !/ft
δ = (δ1, δ2) ∈
R
N̄−N0 × RN0
§zt{a
δ1 = (aT , b
1:q
Ten
, bT essto , cTen , cTex , cT essto , cT nesto ) ; δ2 = bT nesto .
!ftwr:r{ad(§\t{att{adfXy{ff	 sz}rut%r*wdvdz}|Zwf
ω ∈ Θ
±
ω = (π0, γ
1:q
Ten
, γT essto , γT nesto , σTen , σTex , σT essto , σT nesto ),
r{©wstzZv.«t{af«­©(§z©vdy{fX©t{z©v/±qfF|Zwzµ(©fvHtt'»H=HF½¦§zªta
ω = θ − θ0

DθΦ(θ0, µ0)ω − δ1 = 0
DθΨ(θ0, µ0)ω − δ2 ∈ R
N0
− ∩ γ
⊥
T nesto
; γT nesto ∈ R
N0
+ .
» H)HXH½
hkr¨z©vd*t{afvdt%(tzZv.«!feed¯ [d±d§¦f§z©©r{ad(§
ta(t@»H=HXZ½¦et%at{af#stze©ztup.Zvszt{z©vr
«tadf«­©(§z©vd©zvdfFy|Hwdyt{z}kZst{z©e/vHt{yPdy®d©fe 
(Pδ) min
v∈V
1
2
Jq(v, zv) + a
∗
T zv(T ) +
∑
τ∈Tto
cτντ
g
(1)
y (y(τ))zv(τ)
d
dtg
(1)(y)|t=τr{wd®sufF¾tt
Av = (0L2(Ib), b
1:q
Ten
, bT essto )
∗ ; Bv ≤ bT nesto ,
» H)H[q½
§afyfktadf#©zvdfFyZ¥fXyt{y%r
A
±
B
yfsf	vfX®qp
Av :=



g
(q)
y (u(·), y(·))zv(·) + g
(q)
u (u(·), y(·))v(·)|Ib
g
(0:q−1)
y (y(Ten))zv(Ten)
gy(y(T essto ))zv(T
ess
to )



Bv := gy(y(T nesto ))zv(T
nes
to ).
» H)HFZ½
ßß Öeå¾ç¾çf
  (
-4." &	1*+." 
M¦fXzvd'fF|Zw¥$t{
A
sf vdfF¹z©v »¿%R(½¾±t{adfZ¥fXyt{Zy
(A,B)
z}rvHt{'®qp !fee'd¯Òq¯QM¦p !/fXee
@¯ ±tadf !ffXvsyf«­ye
Q̄(v) := Jq(v, zv)
z©r@qfy%z©µf(µfXy
KerA
¯ Y´t«­Z©(§:r«­ye
!/fee
@¯ [7t{at4dy®d©fe
(Pδ)
a¥r4 wvdz©|Hwdf¶r¨Zwdt{z©v
uδ ∈ V
±§zt{a wvdz©|Hwdf¶rr¨sz©t{fX !y%vdZf
e6wdt{z©dz©fy
(ζδ , λ
1:q
δ,Ten
, λδ,T essto , λδ,T nesto )
zv
L2(Ib)×RNb×q ×RNto−N0 ×RN0
±Hvt{afiedzvd
δ 7→ (uδ, ζδ, λ
1:q
δ,Ten
, λδ,T essto , λδ,T nesto )
z}r !zr%adzt:dÂvHt{z©vqwdw¥r¯ `badfÂrr{qz©t{fF r¨tt{f
zδ
v¥
Zr¨tt{f
πδ
®Rfz©vd4r{©wstzZv²«»9R(H½´³¾»¿Z½r:§ºfX,r»KZ½Ú³%»KZ½±dtadfedzvd
δ 7→ (zδ, πδ)
z}ri}r{
!z¥r{%adzt:d:vHt{z©vqwdw¥r$«­yDtadf
H1
vye±t{adfXy{f«­yf:}r¨«­ZyDt{adf
PC0T [0, T ]
vye¯ºv¥r¨fF|ZwfvHt{©p±
®qp7»KHX½Ú³%»KZ½±
δ 7→ vδ(τ±)
z©r !zr%adzt:dZvZtzvqwdZwrX±¥«­Zy#vqp
τ ∈ T
¯@`badfv±/rkzv !/fXe*ed¯PH±
§¦fv¶r{ff*t{a¥(t
ω
z©rZzµZfv¶®Hp
π0 = πδ(0)
±
γT essto = λδ,T essto
±
γT nesto = λδ,T nesto
±,v¹y{fX©t{z©vr
»K½Ú³%»K½¯6`badff  qz}r¨t{fv¥f*«º.wdvdz}|Hwdf«
ω
«­Z©(§:rX±/rk§ºfXZriztr !zr%adzt:dZvZtzvqwdztup²§#¯ yX¯ tX¯
δ
¯
M¦p.r¨t{yv6yfZwd©y{ztup±H«­Zy:©
µ ∈ Vµ
±dt{adfXy{ff	 sz}rut%r:*wdvdz}|Hwdfr¨Zwdt{z©v
θµ
«b»HX½ 
θµ = (πµ∗0 , ν
µ,1:q
Ten
, νµT essto
, νµT nesto
, T µen, T
µ
ex, T
µ,ess
to , T
µ,nes
to ) ∈ V
′
θ ⊂ R
N .
kfvt{f¹t{af¶Zr{r{sz}(t{fF t{y%(ufF¾t{Zy{p v¥
e@wªtzd©z©fy%r.®qp
(uµ, yµ, pµq , η
µ
q ) ∈ XN
¯3fXX©kta(t
Ψ(θµ, µ) = gµ(yµ(T µ,nesto ))
v.r{ft
T µto := T
µ,ess
to ∪ {τ ∈ T
µ,nes
to ; g
µ(yµ(τ)) = 0}.
M¦pÂ»HXZ½¾±d§¦fa°µf
gµ(yµ(τ)) < 0
v
νµτ = 0
zª«
τ /∈ T µto
¯2W:fXvf
(uµ, yµ, pµq , η
µ
q )
z©rr{adqtzv
f  qt{yfeP«­Zy
(P µ)
±d§zt{a*uwder:y%eftfy%r
(νµ,1:qTen , ν
µ
Tto
)
v@uwdv¾tzZvrbtzefXr
(T µen, T
µ
ex, T
µ
to)
¯
ºZvr¨z}sfXybt{adf#edzv
Vµ × Vθ → X
q
N , (µ, θ) 7→ (u
µ,θ, yµ,θ, pµ,θq , η
µ,θ
q )
» H)HXH½
§afyf
(uµ,θ, yµ,θ, pµ,θq , η
µ,θ
q )
z}rir{©wst{z©v²«i»KZ½´³¾»K½¾±D»KZ½¾±$»K R(½¾±D»ì½iv »K½Ú³%»KZ½«­y
(Pµ)
±
§zt{aÂzvdzt{z},µ(©wdf«Dt{adf*Zr¨tt{fZ±uwderye*ft{fXyr:v*uwdvt{z©vrit{z©efXrkz©µfXv²®Hp'ywe*fXvHt
θ
¯ M¦p t{af ¦w%aqpZ³ !/z©r%adzt:dÂ`badfXyfe'±tadz©redzvz}r.§¦f©³´sf vdfF
v
«6©Zr{r
Cq
Zv
vfz©aq®¥Zy{aHsdr
Vµ × Vθ
«
(µ0, θ0)
¯bY´t«­©(§:r¦ta(ttadf#eddz©vd
Vµ × Vθ → X
1
N , (µ, θ) 7→ (u
µ,θ, yµ,θ, pµ,θ, ηµ,θ),
» H)HR½
§afyf
ηµ,θj
±
0 ≤ j ≤ q − 1
±
pµ,θ
v
ηµ,θ
yfdf	vdfF4®qp¶»¿Z½´³¾»¿ R½bv »K½¾±z©rb«$©Zr{r
C1
¯
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Vµ

 
µ0
K L6.Z S+.7=7# $
Vµ → XN

µ 7→ (uµ, yµ, ηµ, pµ)
#  Z_= V 3Q.4 2b# 7-L%#  
L
" 9# K 
K%'

Vµ

 *:
!
 knszvf@r¨t{yvdyfw©y{ztupÃadZ©dr:®Hp !/fXe*e [¥¯ s±dt{afeddz©vd
µ 7→ θµ
r{©wst{z©v'«»HXZ½¾±
z}r§¦f©³´sf vdfF v7²vdfXzZaq®¥Zy{adqs¶«
µ
v¥ !/z©r{%azªt3d4ZvZtzvqwdZwr#®qp » H=H)HX½¾¯ Mºp ZvHt{z©vHwzªtup
«t{af6edzvZr*» H=HR(½kv
µ 7→ θµ
v¹fe'¯@d¯ s±P~y¯@s¯ [.dz©fX²t{
(Pµ)
v
(uµ, yµ)r{ad(§:rt{a¥(t
uµ
z©rvHt{z©vqwdw¥r±°«­Zy$
µ
©Zr{fbfvdZwda@t{
µ0
±Zv6adfv¥f±
(uµ, yµ) ∈ PCq,0T µ [0, T ]×
PCq,1T µ([0, T ],R
n)
¯,fFswzvd
V µ
z«vdfFfFr{ryp±F®qpeRZr{zªtzZv«
µ 7→ θµ
§zt{a@t{adf
C1
³ìedzv
»H=HR(½¾±R§ºf6sfXsw¥f#ta(tkt{adf6eddz©vd
µ 7→ (uµ, yµ, ηµ, pµ) ∈ XN
z}r !z¥r{%adzt:d6vHtzvqwdZwrvM
vfz©aq®¥Zy{aHs4«
µ
¯
Ý­Þ,ß/ÝÁà
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(uµ, yµ)
# '. 
-	*=.!$"#]=9*:+.""
* 7*:
=<>+
(Pµ)

 *:
!
 M¦pMºy©©y{ps¯PH@v»¿R½¾±R§ºf@vdffF't{%adfXE¶»¿H½¾±$»¿Z½¾±D»[q½:vM©r{±¥§adfv
q = 2
±
»ì½¯bMºp !/fXe*eN[¥¯ d±¥»¿ZZ½,«­Z©(§:r$«­ye » HXH½¾¯ Y´«
q = 2
±P»K½,«­Z©(§:r$«­ye »ì½¯bMºpZvHt{z©vHwzªtup
«uwderDt,fFr{r{fvHt{z}Htw%a6¥ZzvHtr$v@sf vdzt{z©v*«»HXZ½¾±§¦f¦®st%z©v.»[q½¾¯ Y´tDy{fXez©vr/tdy{(µZf
»K½¯gifXy@v fXvZty{p  (f	 szªt#Rz©vHt
τµ
»­§adfXv
q = 1
y6Z½t{adz}rz}r²vr{fX|HwdfXvf«baqpqRt{afXr{z©r
»ì½kv¥ÂZvHt{z©vHwzªtup'§#¯ yX¯ tX¯
µ
«
u(τµ±)
¯@nqz©e*z©}ypZ±RvfXykt{Zw%aMRz©vHtrX±Pt{adz}rk«­©(§:ri«­y{Ze!t{adf
yfXdwz©®dz©ztupaqpHRtadfXr{z}r¯bA,zv¥©pÃZwstr{z}sf#6r{e©Rvfz©aq®¥Zwdyadqq4«$vHt%¾tbRz©vZt%r±s§¦f®st%z©v
ta(t
gµ(uµ, yµ) < 0
®qp.rut%vy%4Zet{vdfFr{ry{ZwdefvHtX¯
`badftu§ºÃvf	 qti©feer:f  qt{fv¥t{adHr¨fz©v]F d±Pr¨fF¾t{z©v [=It{Ãt{adf*r¨ft¨t{z©vdÃ«D¥fXy¨twdy{®RfX'Zst{z©e
vHt{yPdy®fXerX¯
 ºÅ  7¡   2&SK+ Z . .K+7	# 
";."4SL
#9# 
 4 ## 6
 3; '9 
P 28
(Pµn)
< .
q

/.=<>) # 
 b#1# .
!L# ./
-	*=.!$"#Q)	*3+ .
(un, yn)
."4+ K_	# 7_# *
(pn, ηn)
; 
Qn(vn) := J µn(vn, zn)
 8*:
J µn(·, ·)
# $=#A=G<  4   76 
"*
(Pµn)
O."4
zn := z
µn
un,vn
= V 3
<  4	  86  &K+' .
vn ⇀ v̄ ∈ L2
O. ."
gµny (yn(t))zn(t) ≤ 0
 
"*1.
t ∈ supp(ηn)
."4
."
n
D2 
z̄ := zµ0ū,v̄
<;UO
>
 b# $ 
"> 
gy(ȳ(t))z̄(t) ≤ 0
Zv
supp(η̄);
» H)HXH½
Q̄(v̄) ≤ liminf Qn(vn)
."4
Q̄(v̄) → Qn(vn)
# 
vn → v̄
9*:
" $= 
.
» H)HXH½
 *:
!
 knszvfÃ®qp !fee [¯ s±
(un, yn)
vqµZfyfXrwvdzª«­Zy{e©pMt
(ū, ȳ)
±Dv
vn ⇀ v
±$§¦fa°µf
ta(t
(zn)
vqµZfyfXrk§¦fX"Eq©pMz©v
H1
t{
z̄
±$v¹adfXvfwdvzª«­Zy{e©p¯4fX©t{z©v » H)HX½k«­Z©(§:r«­ye
tadf vqµZfyfv¥fM«@fvHt{yp±kf	 szt²v
fFr{r{fvHtz©itw%aË¥ZzvHtrX±ruty{z}¾t²Ze*fXe*fXvHtyztup8»HXH½¾±
vqµfXy{ZfvfD«
ηn
z©v
PC1N
±v@wdvdz«­ye vqµZfyfv¥f«
gµny (yn(t))zn
¯!/ft,wr,vd(§7r{ad(§\»H=HF½¾¯
nsft
Q0n(vn) :=
∫ T
0
v∗nH
µn
uu (un, yn, pn)vndt
¯JM¦p !/fXee [¥¯ d±wdvzª«­Zy{e vqµZfyfv¥f*«
zn
v¥
vqµfXy{Zfvfzv
XN
«
Hµnuy (un, yn, pn)
v
Hµnyy (un, yn, pn)
±Pzªt«­©©(§:r:fXZr¨z©©p4ta(t
Qn(vn) −
Q0n(vn) → Q̄(v̄)− Q̄
0(v̄)
¯ba¹yzt{z©vd
Q0n(vn) = Q̄
0(vn)+ rn
§zªta
rn =
∫ T
0
v∗n(H
µn
uu (un, yn, pn)−
Huu(ū, ȳ, p̄))vndt
±®qp@vHt{z©vqwdzªtup@«
Hµnuu
t?uwdvt{z©vr$tzefFr:» !fee#¯PHF½¾± !/fXe*eS[¥¯ z©e*z©fXr
Hµnuu (un, yn, pn) → Huu(ū, ȳ, p̄)
wdvzª«­Zy{e©p±v¥ adfv¥f±
rn → 0
¯ nqz©vf.®Hp »Kk½±
Q̄0 : v 7→
∫ T
0 v
∗Huu(ū, ȳ, p̄)v
z}r !/fZfvdy{f«­ye'±/»H=HF½º«­©(§:rX¯
a¶f4yfXX©Dt{adf4y{fFsw¾tzZv7dy{H%a¶«NF d±$r{fXt{z©v7s¯ÒI´¯ a adfv
q ≥ 2
±D©Dt{Zw%a Rz©vZt%r«
tadft{y%(ufF¾typ
(ū, ȳ)
®Rfz©vd²yfXswz®fZ±©ft
ε, δ > 0
v
Vµ
®RfÃr{eDfXvdwa/±,r¨t{a¥(tX±«­y
‖u− ū‖∞ ≤ δ
±?©
µ ∈ Vµ
vM
τto ∈ Tto
±Rtadf@«­wv¾tzZv
gµ(yµu)
(t{tzvrkztre  sze6wde!(µfXy
[τto − ε, τto + ε]
t*wdvz©|Hwdf#Rz©vHt
τµu ∈ (τto − ε, τto + ε)
¯nqft
Īto := ∪τto∈Tto(τto − ε, τto + ε)v
Īb := [0, T ] \ Īto
¯Za adfXv
q = 1
±¥r¨ft
Īb := [0, T ]
v
Īto := ∅
¯º`badfv'tadf#«­©©(§zvd *:"K L3
ßß Öeå¾ç¾çf
Z  (
-4." &	1*+." 
7*:
=<>+ z}rb§¦f©ª³Úsf	¥vdfX'v¥4©s©©pÃfX|Hwdz©µ(©fvHtbt{
(Pµ)

(Pµred) min
u∈B∞(ū,δ)
Jµ(u)
r¨wd®dufX¾tt
Gµ(u) :=





g(yu)|Īb
gµ(yµu(τ
µ,1
u ))¯¯¯
gµ(yµu(τ
µ,Nto
u ))





∈ K := C−[Īb] × R
Nto
− .
» H°H½
`baf!y%vdZz©v
Lµ
«?t{adf:yfXdwfFdy{Z®d©fe »HF½Dz}rZzµZfv/±«­y
u ∈ B∞(ū, δ)
v#e@wªtzd©z©fy
λ = (ηb, ν) ∈ M+[Īb] × R
Nto
+
±d®qp
Lµ(u, λ) = Jµ(u) +
∫
Īb
gµ(yµu(t))dηb(t) +
Nto
∑
i=1
νig
µ(yµu(τ
µ,i
u )).
» H°H°½
jMwdªtzz©fy%r
ηµ
v¥
λµ = (ηµb , ν
µ)
Zr{r{sz}(tfX²§zt{a
uµ
zv¶yfXr{¥fF¾t{z©µfXp²y{Z®dfXe
(Pµ)
v¥Âztr
yfXdwfFÃ«­Zy{e
(Pµred)
±¥yfyf}(tfX4®Hp	
dηµ(t) = dηµb (t)
v
Īb ; dη
µ(t) =
Nto
∑
i=1
νµi δτµ,i(t)
v
Īto.
» H°Z½
YÚv'szªtzZv/±d§¦f#v'r{ad(§
ta(tbt{af#y{fFswfF !Zyvdz}vz}rbtu§z}fNAdyxX%aft:sz RfXy{fXvZtz©®d©ft
uµ
±
v.zªt%r:r¨fFZvq³´y%sfybsfyz©µ°t{z©µf#r(t{z}rfXrX±H«­y
v ∈ V

D2uuL
µ(uµ, λµ)(v, v) = J µ(v, zµu,v),
» H°H½
§zt{a
J µ
ZzµZfv¹®Hp7»KH½¾¯'YÚv¹t{adfr{fX|HwdfXK±
TK(x)
v
NK(x)
sfvdt{fFrkyfXr{RfX¾tzµZf©ptvfvHt#v
vye?vfXr¦t{
K
(tRz©vZt
x ∈ K
»¿zvtadfr¨fXvr{f«$vqµf  4vpsr{z©r%½¾¯
 ºÅ  7¡  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749# 
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(uµ, yµ)
.
`L# ."  b#
(Pµ)
."	#  V K-# 
*+ K .="*:.9# L$=*:
 bJL3
"4"#	# 
" Z.S L  # 
. >
`L3." 
749#+." 
_K9# 
 
 
(Pµ)

 *:
!
 Y´«stadfºvw¥r¨z©vsqfFrvdtadZ©/±Xtadfvt{adfXy{fºf	 sz©r¨tr
q
³Úrut%®d©ff  Htfvr{z©v
(Pµn)
±
µn → µ0
±
§zt{a²Zr{r{sz}(t{fF4~$ZvZty{pHZzvf	 qt{yfe/ve@wªtzd©z©fy%r
(un, yn, ηn, pn) → (ū, ȳ, η̄, p̄)
zv
XN
®qp
!fee [¯  »­§adz}%a zed©z©fXr#z©v y{t{z}w©y
un → ū
zv
L∞
½¾±$v 'Rz©vHt
ũn ∈ U
«­fXZr¨z©®d©f«­y
(P µn)
±
ũn 6= un
±
ũn → ū
z©v
L∞
±dr(t{z}r¨«­pHz©vd*«­y:
n

Jµn(ũn) ≤ J
µn(un) + o(‖ũn − un‖
2
2).
» H°[q½
nszvf
λn ∈ NK(Gµn(un))
±d§¦f#a°µZf*»­«­ybt{afddyy{z}(tfsw¥©zªtupÃy{sswtr%½
〈λn,G
µn(ũn) − G
µn(un)〉 ≤ 0,
» H°Z½
v'taHw¥r
Lµn(ũn, λn) − L
µn(un, λn) ≤ o(‖ũn − un‖
2
2).
!/ft
0 < εn := ‖ũn − un‖2 → 0
v
vn := ε
−1
n (ũn − un)
¯@nqz©vf
‖vn‖2 = 1
«­y©
n
±Pt=EHz©vd4r{wd®r{fX|Hwdfv¥f*zª«¤vfXfFr{ryp±R§¦f6e°p
Ý­Þ,ß/ÝÁà
 	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`
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=<>+1uH
Zr{r{wdef6t{at
vn ⇀ v̄ ∈ V
¯nszvf
DGµn(un)vn ∈ TK(Gµn(un))
±z©edpqz©vd
gµny (yn)zn ≤ 0
v
supp(ηn)
±d®qp !/fXee[¥¯ 6§¦fa°µft{a¥(t@» H)HX½Ú³%»H=HF½¦ad}?¯2a zt{at{afvdt%(tzZvrb«!/fee[¯Òq±
e6®dzvzvd
DuL
µn(un, λn) = 0
v¶» H°½¦§zt{a » H°[Z½Ú³%»HFZ½¾±d§¦fft
Qn(vn) = DuuL
µn(un, λn)(vn, vn) ≤ o(1),
» H°H½
v4t{aqwr
Q̄(v̄) ≤ 0
¯D:}r¨¥±d®qpÂ»HF"[Z½¾±
DJµn(un)vn ≤ o(1),
v¥.afvf±
〈ηn, g
µn
y (yn)zn〉 = 〈λn, DG
µn(un)vn〉 ≥ o(1).
~DZr{r{zvºtt{afz©ezªtF±°§ºfDZ®stzv
〈η̄, gy(ȳ)z̄〉 ≥ 0
¯ Mºp*»H=HF½?v¥
dη̄ ≥ 0
±X§¦f¤sfFswf$ta(t
gy(ȳ)z̄ ∈
supp(η̄)
±t{aqwr
v̄
v\zªt%rZr{r{sz}(tfX ©zvfXyzPdfXËrut%(tf
z̄
r(t{z}r¨«­p »KHX½v¥¬» HF R(½¯A`badfXy{f«­yf
vdzªtzZv »¿zzÁ½v
Q̄(v̄) ≤ 0
zed©p
v̄ = 0
¯¦nszvf#®qp¶»H°½±
limQn(vn) ≤ 0
±§zt{a !fee[¯Òq±
§¦fr¨fXf6ta(t
Qn(vn) → 0 = Q̄(v̄)
±vÂafvf±
vn → v̄ = 0
±vHtyZsz©t{z©vd
‖vn‖2 = 1
«­y#©
n
¯
 *:
!
1
  ; 3
"*:+ 9  
(ii) ⇒ (i)
z}r.^Zvr¨fF|HwdfvfÂ« !/fXe*eZr6[¯Ò t{ [¯ s¯ !/ftwr'r{ad(§
(i) ⇒ (ii)
¯ !/ft
ρ
®¥f
C∞
«­wdv¥¾t{z©v¹(µfXy
R
±/r{w%a²t{a¥(t
supp(ρ) ⊂ [−1, 1]
±
ρ
z©rRZr{zªtzµZf@(µfXy
(−1, 1)
v
ρ(1) = 1
¯ Ay
µ > 0
±Zt{adfk«­wdvt{z©v
ψ
sf	¥vdfX4®Hp
ψµ(s) :=
∑
τ∈T nesto
µ2q+1ρ
(
s−τ
µ
)
z}r
C2q
v ZvHµZfyf'wdvdz«­yep^t{Xdfy±v r¨7d7zªt%r y%r¨t
2q
sfyz©µ°t{z©µfFr¯ ºvr{z}sfy4t{adf
Rfy{t{wy{®RfX vr¨t{y%z©vHteddz©vd
gµ(y) := g(y) − ψµ(g(y)),
v¥ EZffX
(f, `, φ, y0)
wdv¥%avdZfX?¯
k®¥r¨fXy{µZf4ta(t
gµ
z}r«y%sfy
q
±
gµ = g
wst%r¨z}sf
∪τ∈T nesto (τ − µ, τ + µ)
v¥
gµ(ȳ) < 0
v
(τ − µ, τ + µ)
±/«­Zy©
τ ∈ T nesto
¯4nqz©vftw%a¶¥ZzvHt%ryf6z}r{}(t{fF?±?«­Zy
µ > 0
r¨efXvdwa/±
§¦fÃa°µZf
gµ = g
v
Ib ∪ T essto = supp(η̄)
±Dv¥ zªt*z©r@fXr{z©p¶r¨fXfv t{a¥(t
(ū, ȳ)
z}r@²~$ZvZty{pHZzv
f  qt{yfe$«­Zy
(Pµ)
±,§zt{a t{afÃr{e*f !Zyvdf6e@wdt{z©d©zfXy
η̄
v Zr¨tt{f
p̄
¯QM¦p »­zÁ½¾±,«­y
µ > 0r{e©fvwdZa/±,t{adfÃwvdzª«­Zy{e |Hwdyt{z}y(§bt{a » HF½a}dr#«­Zy
(P µ)
±$v r{zvf4rr{wdest{z©vr
»KkZ½´³¾»¿iH½byfr(tz©rfFÃ«­Zy
(Pµ)
±dzt«­©©(§:r¤«­ye `ba/¯d¯ d»­z©zÁ½ºt{att{adfr{wsÀÃz©fvHt:Zvszt{z©v »­z©z}½
a}dr±s§az©%a'%adz©fµZfXrºt{af#dy{q«u¯
     D
 / 		:( '	(/  /
Y´«*ruty{ZvdyfZwd©y{ztup ad}drX±i®qp » H)HX½4t{adf¶edzvd
Ξ : V δ → V µ
T
δ 7→ θ(δ)
r¨ZwstzZv
«
»H=HF½kz©r#RZr{zt{z©µf©pMadZefXvdfZwrk«sfZy{fXf6Zvdf¯Y´t#«­©©(§:rt{adfXv¹«­ye» H=H°(½kt{at
µ 7→ θµ
z©r
Ay{xF%adft#sz©y{fF¾tzZv©p²sz PfyfvHt{z}®d©f¯`bafdzyfXt{z©v,sfXy{z©µ((tzµZfXrkzv sz©y{fF¾t{z©v
d
y{f6®st%z©vdfX
®qp4r{wd®r¨t{zt{wdt{z©vdzvHt'»H=HF½
δ
®qp
−DµF(θ0, µ0)d
¯`badfXy{f«­yf±
θµ0+d = θ0 + ωd + o(‖d‖),
» H°)R½
§afyf
ωd = (π
∗
d,0, γ
1:q
d,Ten
, γd,Tto , σd,Ten , σd,Tex , σd,Tto)
z}r*Zr6«­©(§:rX¯7ifXvdtf.®qp
(vd, zd)
v¥
(ζd, πd, λ
1:q
d,Ten
, λd,Tto)
tadf»­wdvz©|Hwdf°½$stzedr¨ZwstzZvv*e@wªtzd©z©fy%r$«Rt{adfi|HwZsy%(t{z}¦dy®d©fe
ßß Öeå¾ç¾çf
H  (
-4." &	1*+." 
®Rf©(§ 
(Pd) min
(v,z)∈V×Z
1
2
∫ T
0
D2(u,y,µ),(u,y,µ)H̃(ū, ȳ, η̄q , p̄q, µ0)((v, z, d), (v, z, d))dt
+
1
2
D2φ̃(ȳ(T ), µ0)((z(T ), d), (z(T ), d))
+
1
2
∑
τ∈Ten
q
∑
j=1
νjτD
2g̃(j−1)(ȳ(τ), µ0)((z(τ), d), (z(τ), d))
+
1
2
∑
τ∈Tto
ντ
(
D2g̃(ȳ(τ), µ0)((z(τ), d), (z(τ), d))
(Dg̃(1)(y(τ), µ0)(z(τ), d))
2
d
dtg
(1)(y(t))|t=τ
)
r{wd®sufXtt{ 










ż(t) = Df̃(ū, ȳ, µ0)(v, z, d)
Zv
[0, T ], z(0) = 0
Dg̃(0:q−1)(ȳ(τ), µ0)(z(τ), d) = 0, τ ∈ Ten,
Dg̃(ȳ(τ), µ0)(z(τ), d) = 0, τ ∈ T
ess
to
Dg̃(ȳ(τ), µ0)(z(τ), d) ≤ 0, τ ∈ T nesto
Dg̃(q)(ū, ȳ, µ0)(v, z, d) = 0
v
Ib.
`bafv
ωd
z}rbz©µfXv.®qp	
πd,0 = πq(0)
±
γd,Tto = λd,Tto
±
σd,τ = −
Dg̃(1)(ȳ(τ), µ0)(zd(τ), d)
d
dtg
(1)(y)|t=τ
, τ ∈ Tto,
» H°H½
σd,τ = −
Dg̃(q)(u(τ), y(τ), µ0)(vd(τ
+), zd(τ), d)
d
dtg
(q)(u, y)|t=τ+
, τ ∈ Tex,
» H°H½
σd,τ = −
Dg̃(q)(ū(τ), ȳ(τ), µ0)(vd(τ
−), zd(τ), d)
d
dtg
(q)(u, y)|t=τ−
, τ ∈ Ten,
» HFH½
γ1d,τ = λ
1
d,τ , γ
j
d,τ = λ
j
d,τ − ν
j−1
τ σd,τ , j = 2, . . . , q, τ ∈ Ten.
» HFH°½
kvfk§¦fa°µfit{adff	 sdyfXrr{zZvr«­Zy¤tadf#sz©y{fF¾t{z©v¥Psfyzµ(t{z©µfXr¦«/t{adf#r{adqtzvd6y%et{fy%rX±
®qpe¥Hr¨zt{z©v*§zt{a6t{adfAdyxX%aftsfyz©µ°t{z©µfFr«t{af
C1
³´eddz©vd» H=HR(½,(tDRz©vZt
(ωd, d)
±§¦fb®s³
t%z©vt{adff  sdy{fFr{r{z©vrP«Ztadf¤sz©y{fF¾tzZvdfyzµ((tzµZfXrX±z©v
XN
±°«Ht{afeddz©vd
µ 7→ (uµ, yµ, ηµ, pµ)
¯
M¦p !feeS[¯PH±§¦f®dtz©v6t{adfXvfXr{z©p#tadff	 sdyfXrr{zZv6«t{afisz©y{fF¾t{z©v¥dsfXy{z©µ((t{z©µfFr,«Rt{adfivs³
ty{Z/vr¨t(tf#zv
Lr(0, T )×W 1,r(0, T ; Rn)
±d«­y:©
1 ≤ r <∞
¯
  É   É # #¿¡s  Æ    ?@ 6# *17 
# »¿z}½ 
"*»¿zzÁ½ 
 %;
*:+ 9  #  .9#  V  '  *: )#  6.
#$<
"*:
`
!
Vµ


µ
SK L3X."N J+.7=74#%$
Vµ → XN

µ 7→ (uµ, yµ, ηµ, pµ)
#    *   L3 9
"#*:L9# 
. ,"# *3-	# .)<> 

Vµ
 @ .=)#9# 
 J]"#*:L9# 
.1=*#A=.9#A= 
   G+.7=74#%$
µ → (uµ, yµ)
#
Lr(0, T ) ×W 1,r(0, T ; Rn)

1 ≤ r < ∞
S."27 
#-
µ0
# #*:L	# 
"
d
(#  

749#+." 
K	# 
"
(vd, zd)

;74*3
=<>+
(Pd)

a¶ffv4t{adf#¥Rfyb®qpÃ6yfey:Eyf}(t{fFt6tadfz©³ìRZr{fXsvfXrrº«tadf#r¨adqt{z©vd*Zyzªtade «­y
r¨tt{f#Zvr¨t{y%z©vZtb«$y%sfXy
q ≥ 3
±s§adfv'®Rwdv¥dyp4y%rby{fdyfXr{fvHt»¿r{ff`ba/¯¯ ½¾¯
Ý­Þ,ß/ÝÁà
 	
 
ZO
`
9# $&( $)
"*#+\
*O-/./0b
"9*:.#3 587	#+ .402
 9*:
"" *:
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u
.Å 7¡s   	   )# /4L'
 S*39$=K>."*N<
"K4=."* .*:L2
*'L
9*:.#- N
 '
"*:=*
q ≥ 3
3ºvHtyy{p
t.r{ef6v(ufF¾twdy{fFriz©vMtadf*zt{fXyt{wdyf±Ry{fXwd}yk®¥Zwdvdy{p²yXr L.\
`L3LK*«­yr¨t(tf6vr¨t{y%z©vHt
« .",ZydfyF¯,`,"EZfk«­Zyf	 ded©ft{adf#y{Z®dfXe 
(Pq) min
(u,y)∈L∞(0,T )×W q,∞(0,T )
∫ T
0
(
y(t) +
u2(t)
2
)
dt
r{wd®sufF¾tt{
y(q)(t) = u(t) ; y(0) = y01 ; ẏ(0) = y
0
2 ; ... ; y
(q−1)(0) = y0q ;
y(t) ≥ 0, t ∈ [0, T ].
Y´t:z}rbfXZr¨pÃt{%adfXEÃt{atX±s«­Zy
τ ∈ (0, T )
±
y
sf	vfX®qp
y(t) = 0
v
[τ, T ]
v
y(t) =







(t− τ)2q
(2q)!
z«
q
z©r:q
−
(t− τ)2q
(2q)!
− ν
(t− τ)2q−1
(2q − 1)!
z«
q
z©r:fµfXv
Zv
[0, τ ],
z}rX±b«­y
ν > τ/2q
z«
q
z©r4fµfXv v .7=74*3
374*# ." ]# #9# .L
"4#9# 
 Â§adfXv
q ≥ 3
±:7r¨Zwdt{z©v
ta(tr{t{z}r ¥fXrºvdfXfXrr{y{p¹stze©ztup¶vszt{z©v¥r@v¥ adfv¥f±$®qp vqµZf	 szªtup¹«tadfÃdy®d©fe'±
v stze¦r{©wst{z©v §zt{a ²yfw©y@fvHty{p¶¥ZzvHt
τ
±v7r¨t{yz}¾t*ed©fefvHt%yzªtup¶ad}dr6r¨z©vf
η0(t) = 1
v
(τ, T ]
¯
Z®d®dz©vr6zvcF>HFIbr¨t{w¥szfFr6t{adz}r@f  ded©fÃ«­y*fXvdfyz}zvzªtz©¦vszt{z©v¥r6v7r{ad(§:r#ta(t*t{adf
Zst{z©et{y%(ufXt{Zy{p.ar®Rwdvypy±®dwstt{af@}(t¨tfyz©rivdty{fXwd}yF¯Y´trkfvHty{p¥ZzvHtz©rit{adf
©z©e*zt«kv7zv vdzt{f'vqwde@®Rfy*«:tw%a¥ZzvHtrX±§zt{a MfXefty{z}4dfXyfXZr¨z©vdM«t{adf©fvdt{a«
tadfzvHtfyzZy¦yXr¯$fZwd}y¦®¥Zwdvdy{pÃyXrºyy{fFr¨Rvrt@tadf#r{f§adfv.t{adfe@wªtzd©z©fy«t{adf
ZfZe*ft{yz©r{fX|HwdfXvf4z©r6fX|Hwt{Udfy±,«­Zy6Mr{¥fFz ¥4r{wd®r{ft6«:z©vdzªtz©¦vdzªtzZvr¯M`bafyf«­yf±
§¦fÃr{ffÃZv t{at@f	 ded©f±t{awdZa7r{t{z}ru«­pqz©vdM©¤yfZwd©y{ztupÂZr{r{wdest{z©v¥rÃ»¿kZ½´³¾»¿kZ½±ta(t6t{adf
9*K L9K*:6
 6<
"K4=."* .*3L#z}r 4
"/.=<>@wdvsfXy@Rfy{t{wdy®(tzZvr«bt{adfÃz©vdzt{z}bZvszt{z©v §adfXv
q ≥ 3
±s§adz}%a.z©©wr¨t{y%(tfXrb§aqpt{afr¨adqt{z©vd©yzt{ader{adw©®Rf#z©ª³´RZr{fX.zvt{a¥(tiZr¨fZ¯
   ,	 º+@:& &5+
`baf$tu§ºvdf  qtfXeeZrP«­©©(§:rPzeefXsz}(tpk«­ye
tadf?uwdv¥¾t{z©v¥rZvszt{z©vr/fXr¨t®z}r¨afXzv FPHXd±=HR`Iì¯
 ºÅ  7¡     28
(u, y)
< .J*: $=K>.*'
" 9*=.$=# )9*:+."8."	#  # $ 4 &>57684 &9:6 ,;\
KL9# 

t 7→ Huu(u(t), y(t), p(t)
# 1L3
" 9# K 
"K%N
"
[0, T ]

 *:
!
 !ft
τ ∈ T
¯¤nqzv¥f
u
z}rvHtzvqwdZwrb®qpÃ~y/¯¤d¯ s±s§ºf#a°µZf 
[Huu(u(τ), y(τ), p(τ))] = [p(τ)]fuu(u(τ), y(τ)) = −ντg
(1)
uu (u(τ), y(τ)) = 0,
r{z©vffzt{afy
ντ = 0
§afv
q = 1
y
g
(1)
u ≡ 0
§afv
q > 1
¯
 ºÅ  7¡7  	 2 
(u, y)
<J. *: $=K>.* 
" 9*=.$=#^)	*:+ . .9#  # $ 4 &>5 684 &9 6 .
τ ∈
Ten ∪ Tex
. -	* )#Z9#+ <;;
P
 b# $ L
"4#9# 
  .*: K#A=.P-
»¿z}½ 4	 61 
> .
τ B »­z©z}½1#  q # q  lim
t→τ ; t∈Ib
η0(t) > 0 B
# 
q
# bfXµfXv 
ντ > 0

ßß Öeå¾ç¾çf
=[  (
-4." &	1*+." 
 *:
!
 ikf	¥vdf¤tadf¦eddz©vdZr
(Al)0≤l≤q : [0, T ]\T 7→ Rn
®qp»K½v¥
(al)0≤l≤q : [0, T ]\T 7→ R®qp	
a0(t) = `u(u(t), y(t)) ; al(t) = `y(u(t), y(t))Al−1(t) − ȧl−1(t) l = 1, . . . , q.
`bafvzªtkXv®¥fr{ffXv.®qpÂ»K"[q½k»Kr¨fXf F>HR!I­½ºt{at«­y:©
t ∈ [0, T ] \ T
±d§¦fa°µf
0 =
dj
dtj
Hu(u(t), y(t), p(t)) = (−1)
j(aj(t) + p(t)Aj(t)); j = 0, . . . , q − 1,
»HXH½
0 =
dq
dtq
Hu(u(t), y(t), p(t)) = (−1)
q(aq(t) + p(t)Aq(t) +
dη
dt
g(q)u (u(t), y(t))).
» HXZZ½
nszvf:tadfksfXy{z©µ((tzµZfXr«?t{adfZvZty{Z¥y{fivHt{z©vqwdw¥rDwdvHt{z©Py%sfy
q− 2
±tadfk«­wdv¾tzZvr
aj
v
Ajy{fZvZtzvqwdZwr¤«­y
j = 0, . . . , q− 2
±qvÃztz©rºtadfv.fXr{z©pr{ffv±dr¨z©vf
u
z©rbZvHt{z©vHwwrX±ta(tbtadf
uwe*'«
Aq−1
v
aq−1
t
τ ∈ T
±d§afv
q
z}rbfµZfv/±y{fz©µfXv.yfXr{RfX¾tzµZf©p®qp
[Aq−1(τ)] = (−1)
q−1fuu(u(τ), y(τ)) ; [aq−1(τ)] = (−1)
q−1`uu(u(τ), y(τ))[u
(q−1)(τ)].
`,"Eqz©vd6t{adfbuwde²z©v » HXH(½b(t
τ
«­y
j = q − 1
pqzfX©r¦t{adfXv
0 = (−1)q−1Huu(u(τ), y(τ), p(τ
+))[u(q−1)(τ)] − ντgy(y(τ))Aq−1(τ
−).
M¦pÂ»K"[Z½±d§¦f#a°µf
gy(y(τ))Aq−1(τ
±) = g
(q)
u (u(τ), y(τ))
±Rr{§ºf®dtz©v/±s§adfXv
q
z}rbfµfXv
ντ = (−1)
q−1Huu(u(τ), y(τ), p(τ
+))[u(q−1)(τ)]
g
(q)
u (u(τ), y(τ))
.
» HF"[q½
Y´t«­©©(§:r:ta(t
ντ > 0
z 
u(q−1)
z}rsz}r{vHt{z©vqwdwr(t
τ
±?§adz}%aÂz}rfX|Hwdz©µ°fXvHtktr°pt{at»ìZ½
a}dr»­§adfXv
q
z}r¦fµZfv¥½¯ a afv
q
z©r¦sd?±
u(q−1)
±
aq−1
v¥
Aq−1
yfkvHt{z©vqwdw¥rk»Kv
ντ = 0
½¾¯
`,"Eqz©vd6t{adfbuwde²z©v » HXZ½¾±d§¦f#®dtz©v
0 = (−1)qHuu(u(τ), y(τ), p(τ))[u
(q)(τ)] + [η0(τ)] g
(q)
u (u(τ), y(τ)).
kr'Zvr¨fF|Hwdfvf±§ºfa°µZf
η0(τ
±) > 0
(t@v¶fXvHt{yp (f	 sztRz©vHtX±§adfyf
τ±
r¨tv¥dr«­y
τ+
z«
τ ∈ Ten
v
τ−
zª«
τ ∈ Tex
z 
u(q)
z}rsz}r{vHt{z©vqwdw¥r¦t
τ
±v¥.afvfz ^»ìZ½¦a}dr¯
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(x∗, y, δ) ∈ X∗ × Y × Rr
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(x, y∗, ν) ∈ X × Y ∗ × Rr∗
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